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Abstract
The Fokker-Planck (FP) approach to describe vibrational kinetics numerically is
validated in this work.

This approach is shown to be around 1000 times faster than

the usual state-to-state (STS) method to calculate a vibrational distribution function
(VDF) in stationary conditions.

Weakly ionized, non-equilibrium CO2 plasma is the

test case for this demonstration, in view of its importance for the production of carbonneutral fuels.

VDFs obtained through the resolution of a FP equation and through

the usual STS approach are compared in the same conditions and considering the
same kinetic data.

The demonstration is shown for chemical networks of increasing

generality in vibrational kinetics of polyatomic molecules, including:

V-V exchanges,

V-T relaxation, intermode V-V' reactions and excitation through e-V collisions.

The

FP method is shown to be accurate to describe the vibrational kinetics of the CO2
asymmetric stretching mode, while being much faster than the STS approach. In this
way, the quantitative validity of the FP approach in vibrational kinetics is assessed,
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making it a fully viable alternative to STS solvers, that can be used with other processes,
molecules and physical conditions.

Introduction
Vibrational kinetics has many applications in elds like catalysis, laser chemistry, atmospheric entry and plasma chemistry. In particular, in recent years much attention has been
dedicated to low-temperature plasmas to convert greenhouse gas CO2 into carbon-neutral
fuels or useful chemicals 1,2 . Vibrational excitation of the CO2 molecule, and in particular of its vibrational asymmetric stretching mode, is expected to play an important role
in energy-ecient non-equilibrium dissociation kinetics 36 . The main tool used to model
vibrational kinetics is the state-to-state (STS) nite rate method, based on the numerical
solution of a master equation (ME) 710 . The ME is actually a sti system of nonlinear ordinary dierential equations (ODEs), as many as the number of states considered. When
polyatomic molecules are involved, with a high number of vibrational levels and transitions,
the computational eciency of models describing reactors with spatial resolution and coupling dierent physical phenomena is compromised. Such models require new methods that
allow a signicant reduction in computational cost, while maintaining the accuracy on the
description of vibrational kinetics. In recent years several methods have been developed
that reduce the computational cost of models and aim at capturing the main features of
vibrational kinetics in CO2 . The work of Peerenboom

et al. 11 has presented a dimension

reduction method based on principal component analysis applied to a CO2 plasma model.
In the work of Berthelot and Bogaerts 12 a reduced CO2 plasma chemistry set has been proposed, based on lumping the vibrational levels. Then, de la Fuente

et al. 13 have presented a

methodology for reduction of vibrational kinetics based on lumping the asymmetric vibrational levels of CO2 into a single species, assuming a Treanor vibrational distribution and
eective rate coecients dependent on vibrational temperature. Moreover, in the paper by
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Sahai

et al. 14 a reduced-order model has been developed for N2 , based on the coarse-grain

maximum enthropy method. Then, Kustova et al. 15 have developed multi-temperature models for CO2 . Finally, in the work of Koelman

et al. 16 pathway analysis has been proposed as

a fast method to identify important mechanisms in CO2 plasma chemistry. Although able
to describe several features of plasma chemistry, none of these methods can fully depict the
vibrational distribution function (VDF).
In the 1970s and 1980s, analytical theories have been developed that can describe the VDF
taking into account dierent processes, without the STS method 3,6,7,1723 . These are based
on the continuous approximation, which transforms the ME for the VDF into a drift-diusion
Fokker-Planck (FP) equation. This approach is based on the idea of replacing the discrete
internal levels by a continuum in the vibrational energy space, which allows to use concepts
of transport theory to describe vibrational kinetics. In the works of the group of Rusanov
and Fridman, analytical expressions have been presented for the uxes in vibrational energy
space, dependent on kinetic data. Firstly, in Rusanov

et al. 22 the FP approach has been

used to nd analytically the VDF in diatomic molecules taking into acount monoquantum
vibrational energy losses to translation (V-T relaxation), vibrational energy exchanges (V-V
relaxation) and losses of vibrationally excited states due to chemical reactions. Then, in
another work by Rusanov

et al. 23 monoquantum and multiquantum vibrational excitation

of molecules by electron impact (e-V processes) and vibrational energy exchanges between
various vibrational modes of the system (V-V' exchanges) have also been depicted over a
single-mode energy space, which has allowed to apply the FP approach to the vibrational
asymmetric stretching mode of polyatomic CO2 . In Macheret et al. 20 the role of e-V processes
in vibrational energy space has been described in more detail. In the books by Fridman 3,19 ,
the inclusion in the FP equation of monoquantum resonant V-V relaxation has also been
described. Then, in the compilation by Capitelli (chapter 10) 7 and in the book by Fridman
(chapter 5) 19 , all these processes have been described in polyatomic molecules over the total
vibrational energy (sum of the vibrational energies of each mode) in the quasi-continuum
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region, where intermode exchanges are expected to be very fast.
In recent publications by some of the authors of the present paper 2426 , the FP approach
has been implemented through numerical methods that avoid the approximations required
in analytical solutions. In particular, in Diomede

et al. 24 the FP equation for the CO2

asymmetric stretching vibrational mode has been solved numerically in time using a Monte
Carlo technique based on the short-time Green function of the FP equation. Then, in
Diomede

et al. 25 a much more eective method has been used, that solves the FP equation

for the same system in stationary conditions in fractions of second. This method consists on
matching the VDF with the V-V dissociation rate of CO2 , and thus with the ux of the CO2
population in energy space. In this work, the ux-matching method presented in Diomede et

al. 25 is used to solve the FP equation for the CO2 asymmetric stretching vibrational mode.
The method and parameters used within are validated by comparing the resulting VDFs with
those obtained through a STS model considering the same physical conditions and kinetic
data. First, the derivation of the FP equation is presented, along with its theoretical limits of
validity. Then, the numerical methods to solve both the STS and FP models are presented,
along with the parameters considered. Finally, the parameters used to describe each chemical
process in the FP model are validated by comparing STS and FP VDFs resulting from each
process separately.

Methods

a. Derivation of the Fokker-Planck equation
The derivation of the Fokker-Planck equation to describe population kinetics is found in the
compilation by Lifshitz and Pitaevskii (chapter II) 27 , in the book by van Kampen (chapter
VIII) 28 and in the book by Biberman

et al. (chapter 5.4 and appendix 2) 29 and is briey

exposed in this section. The population density at time t of each state k in a molecule, nk ,
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is determined from the gain-loss balance equation:

dnk X
=
[nj ωjk − nk ωkj ]
dt
j

(1)

where ωjk is the probability of a transition from state j to state k per unit time.
In the energy space of the vibrational asymmetric stretching mode of CO2 , the maximum internal energy max is the dissociation energy 5.467 eV, calculated as in Kozák and
Bogaerts 30 . The discrete vibrational states within are distanced in energy by less than 0.3
eV, much less than max . Thus, the states are close in the space of vibrational energy and we
can assume they form a continuum in energy space. By changing variables to the population
density per energy f () = nk dk/d (units cm−3 eV−1 ) and to the transition probability per
energy w(, 0 ) = ωkj dk/d (units eV−1 s−1 ), we can rewrite eq. 1 as function of the energy 
of state k and the energies 0 of states j :

Z
df ()
= [f (0 )w(0 , ) − f ()w(, 0 )]d0 =
dt
Z
Z
= f ( − r)w( − r; r)dr − f ()w(; −r)dr

(2)
(3)

where r =  − 0 is the jump in energy in each trasition w(0 ; r) from energy 0 to . Then,
we take an assumption that only small energy jumps take place: r << max . Monoquantum
transitions in the energy space of the vibrational asymmetric stretching mode require a jump
always inferior to 0.3 eV. Thus, we consider that the assumption of small jumps is valid in
a system where only these monoquantum transitions take place. The rst integral in eq. 3
can then be expanded in a Taylor series:

df ()
=
dt

Z

Z
∞
X
(−1)m dm
f ()w(; r)dr +
[am ()f ()] − f ()w(; −r))dr
m! dm
m=1
Z
am () = rm w(; r)dr
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(4)
(5)

where we call am the jump moments of order m. Under the assumption of small jumps and
of detailed balance, the transition probabilities w(; r) and w(; −r) are equal and the rst
and last terms in eq. 4 cancel each other. Then, by truncating the Taylor expansion at the
second term, we obtain the Fokker-Planck equation:

df ()
d
1 d2
dJ()
= − [a1 ()f ()] +
[a
()f
()]
=
−
2
dt
d
2 d2
d
df ()
J() = A()f () − B()
d
1 da2 ()
1
A() = a1 () −
; B() = a2 ()
2 d
2

(6)
(7)
(8)

where J is the ux of population f () in energy space (units cm−3 s−1 ) through drift and
diusion processes, A is the drift coecient and B the diusion coecient. As a result, we
use eq. 6 to describe the population of CO2 molecules in the energy space of the vibrational
asymmetric stretching mode, considering that only monoquantum transitions are relevant.
We calculate the jump moments in eq. 5 by summing the contributions of all the processes

p considered:
am () =

X

[r()]m kp () np

(9)

p

where kp is the rate coecient of process p and np is the number density of the collision
partner of CO2 with energy  in process p. The processes considered and their implementation
are descibed in the next sections.

b. State-to-state model
In order to validate the implementation and use of the Fokker-Plank (FP) equation for the
system under study, we compare its results with those from a state-to-state (STS) model
that solves the rate balance equations for discrete states (eq. 1), considering the exact same
processes and kinetic data as the FP model. The STS model is based on the scheme in
the paper of Kozák and Bogaerts 30 , focusing on the vibrational kinetics of the asymmet-
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ric stretching mode of CO2 , the one with more inuence on the dissociation rates. Other
reaction schemes provide a more complete description of the coupling between vibrational
modes 9,10,31 . In this validation exercise, the specicities of the reaction scheme are not the
main concern and we chose the kinetics in Kozák and Bogaerts 30 for benchmarking purposes,
as in our previous works. The STS model used in this work is simplied with respect to
the one in Kozák and Bogaerts 30 , assuming low dissociation of CO2 , to address directly the
validation of the FP approach. The low dissociation assumption allows to neglect the role
of reactions involving other species on the VDF.
A total of 30 species is considered: electrons, positive ion CO+
2 , the products of dissociation CO and O, ground-state CO2 , the vibrationally-excited states of CO2 purely in the
symmetric stretching and bending modes CO2 (va , vb , vc , vd ) and the vibrationally-excited
states of CO2 purely in the asymmetric stretching mode CO2 (v = 1 − 21). We take the
denition and vibrational energy of the CO2 states as in the paper by Kozák and Bogaerts 30 , taking the ground-state as reference with zero energy. The processes listed in
table 1 are considered, with rate coecients taken from Kozák and Bogaerts 30 . Keeping
consistency with the derivation in the previous section, we consider monoquantum exchange
processes are the most relevant for the asymmetric stretching mode and thus are the only
ones taken into account. Besides ionization, electron recombination and electron-impact vibrational excitation, intramode monoquantum vibration-vibration (V-V) exchanges in the
asymmetric stretching mode are considered. We take collisions with the most populated
states CO2 (v = 1) (forward reactions) and CO2 (v = 0) (reverse reactions), called V-V1 ,
as well as quasi-resonant collisions between states with the same energy and corresponding reverse reactions, called V-Vn , that introduce increasing non-linearity in the system.
Moreover, monoquantum vibration-translation (V-T) exchanges are considered purely in the
asymmetric stretching mode (CO2 (v = 0 − 21)) and in the joint symmetric stretching and
bending modes (CO2 (v = 0, va , vb , vc , vd )), as in Kozák and Bogaerts 30 . Then, intermode
vibration-vibration (V-V') transitions are considered as collisions of molecules excited in the
7

asymmetric stretching mode with those in highly populated states: ground state and excited
in the bending and symmetric stretching modes CO2 (va , vb ), as in Kozák and Bogaerts 30 .
Dissociation is taken into account through the monoquantum V-V1 and V-Vn forward mechanisms. Rate coecients for V-V dissociation processes are obtained from ts of the rate
coecients of V-V processes as function of the vibrational energy, evaluated at the dissociation energy 5.467 eV, as in our previous works 24,25 . Finally, three-body recombination of
CO and O into ground-state CO2 is considered, as in Kozák and Bogaerts 30 , thus closing
the system.
Table 1: List of processes in the STS model. M represents any neutral species.
Process name
Ionization
e-recomb.
e-V
V-V1
V-Vn
V-T
V-V'a
V-V'b
V-V1 diss.
V-Vn diss.
CO2 recomb.

Reaction
e + CO2 (v = 0) → CO+
2 + 2 e
+
e + CO2 → CO2 (v = 0) (CO + O, C + O2 )
e + CO2 (v = n) ↔ e + CO2 (v = n + 1), n = 0 − 5
CO2 (v = n) + CO2 (v = 1) ↔ CO2 (v = n + 1) + CO2 (v = 0), n = 1 − 20
CO2 (v = n) + CO2 (v = n) ↔ CO2 (v = n + 1) + CO2 (v = n − 1), n = 1 − 20
CO2 (v = n) + M ↔ CO2 (v = n − 1) + M, n = 1 − 21
CO2 (va , vb , vc , vd ) + M ↔ CO2 (v = 0, va , vb , vc ) + M
CO2 (v = n) + CO2 (v = 0) ↔ CO2 (v = n − 1) + CO2 (va ), n = 1 − 21
CO2 (v = n) + CO2 (v = 0) ↔ CO2 (v = n − 1) + CO2 (vb ), n = 1 − 21
CO2 (v = 21) + CO2 (v = 1) → CO + O + CO2 (v = 0)
CO2 (v = 21) + CO2 (v = 21) → CO + O + CO2 (v = 20)
CO + O + M → CO2 (v = 0) + M

We consider a relatively high pressure p = 100 mbar, xed gas temperature Tg = 300 K
and gas density ng = 2.414 × 1018 cm−3 . We assume a constant input power density Pdep
transferred to the electrons and thus the temporal evolution of the electron mean energy m
is described by the electron energy equation:

d(ne m )
Pel
Pinel
= Pdep (t) −
(m ) ng ne −
(m ) ng ne
dt
ng
ng

(10)

where ne is the electron number density and Pel and Pinel are the components of the power lost
by electrons through elastic and inelastic collisions, respectively. The electron-impact rate
coecients and the electron power losses are obtained as function of m from the solution
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of the electron Boltzmann equation solver BOLSIG+ 32 , using the electron-impact cross
sections from the Phelps database in LXCat 33,34 , as has been done in the work of Kozák
and Bogaerts 30 . The set of ODEs is solved until reaching a stationary condition with the
solver RADAU5, an implicit Runge-Kutta method of order 5 35,36 . This solver has been
used in other zero-dimensional plasma chemistry models 37,38 . We take as initial conditions
10
ne = [CO+
cm−3 and m = 1.0 eV. The criterion for stationary condition is
2 ] = 7.5 × 10
i (t−∆t)
|) < 10−8 , where i is the index for each of the species considered.
max(| ni (t)−n
ni (t−∆t)

Using this model, the electron energy and rate equations are solved to provide the stationary ne and m as function of the input Pdep . Together with the other rate equations, they
also provide Tva , the vibrational temperature of the asymmetric stretching vibrational mode,
and Tvs , the vibrational temperature of the bending, together with symmetric stretching, vibrational modes. These temperatures are input parameters for the FP model and thus are
necessary for the validation procedure. Tva and Tvs are calculated from the densities of states
CO2 (v = 0), CO2 (v = 1) and CO2 (va ), considering Boltzmann distributions. Moreover, the
VDF for the asymmetric stretching vibrational mode is obtained in the STS model, essentially dened by the V-V, V-T, V-V' and e-V processes in table 1. The computational time
on a single CPU for a STS calculation to reach a stationary condition is typically between 1
and 10 minutes.

c. Fokker-Planck ux-matching model
The computational method to solve the FP eq. 6 is the same as in Diomede

et al. 25 . We

solve the FP equation only for a stationary condition, when df /dt = −dJ/d = 0. As the
ux J is uniform in energy space, we can consider it as a xed parameter. By dividing eq.
7 by B()f (), we obtain:

d ln[f ()]
A()
J
=
−
d
B() B()f ()

(11)

This equation can be solved immediately by forward numerical integration, although f ()
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appears in the right-hand side. A() and B() are the only required input parameters. These
are calculated as described in eqs. 8 and 9 and are dependent on temperatures and densities
known from the STS results. Their calculation for each process will be described in the next
sections. As in the previous works 24,25 , for each process, the coecients k() used in the
calculation of A() and B() are t to the discrete kinetic data from Kozák and Bogaerts 30
at Tg = 300 K. The VDF (units cm−3 ) n() is obtained from the population density per
energy f () as follows:

Z
n() =

f (0 ) δ(0 − ) d0

(12)

where δ is the Kronecker delta. The left boundary condition is n(0) = n0 , density of the
ground-state, known from the STS results. Then, as J is uniform, it is equal to its value at the
dissociation energy 5.467 eV. That is the dissociation ux, exclusively by V-V monoquantum
reactions V-V1 and V-Vn , equal to the STS dissociation rate:

Jdiss = n(max )[kV V 1 (max )n1 + kV V n (max )n(max )]

(13)

where n1 is obtained from the STS results and n(max ) is self-consistently obtained through
eq. 12. In more complex chemical networks, dissociation can occur from states of lower
energy than the uppermost bound one and through several processes. For such cases, the
right-hand side of eq. 13 is an integral operator acting on n() and the dissociation rates

k().
Equations 11 and 13 form a functional problem that is solved in the energy grid between
the energy of the ground-state and the dissociation energy, from 0 to 5.467 eV. An initial

J = 0 is assumed to solve eq. 11, then a new Jdiss is calculated from eq. 13, then a new J
is guessed through a binary search algorithm. The process is repeated iteratively until the
guessed J converges with the calculated Jdiss . Then, the ux and the VDF are matched.
The convergence criterion has been set as 10−6 and it typically takes around 25 iterations to
reach it. The energy grid has been divided in 5,000 bins of approximately 0.001 eV length.
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The computational time of the FP simulation on the same single CPU is typically three
orders of magnitude lower than the one of the STS calculations, around 0.1 seconds.

Results: Validation of the Fokker-Planck approach

a. V-V1 processes only
V-V1 processes are exchanges where CO2 molecules gain a vibrational quantum by colliding
with molecules excited at level v = 1, the most populated excited state in the vibrational
asymmetric stretching mode, that lose a quantum in the collision. These reactions are
expected to dene the bulk of the VDF of the asymmetric stretching vibrational mode of
CO2 . If a VDF is exclusively dened by these reactions, and no dissociation takes place,
which is a non-physical condition, a Treanor VDF is expected 39 (eq. 3.7 in that paper):



v E1 v E1 − Ev
n(v) = n0 exp −
+
Tva
Tg



(14)

where Ev is the internal energy of level v .
To test this hypothesis, we perform STS calculations only with ionization, electronion recombination, e-V (between CO2 (v = 0) and CO2 (v = 1) only) and V-V1 (without
dissociation) processes listed in table 1 and with Pdep = 50 W cm−3 . The resulting VDF has

Tva = 2422 K, which represents a very high vibrational non-equilibrium, considering that
Tg = 300 K. The VDF is presented in Fig. 1, where it is shown to t the theoretical Treanor
VDF of eq. 14. Then, with the FP model, we solve eq. 11 imposing J = 0. In this situation,
the stationary VDF is not determined by the values of the transport coecients A and B ,
but only by the ratio between them. As we assume that the VDF is Treanor, we can dene

A as function of B from eq. 11 together with the continuum approximation of the Treanor
VDF as follows:



1
dv
AV V 1 () = BV V 1 () − + E1
Tg
d
11



1
1
−
Tg Tva



(15)

where dv/d for  between Ev−1 and Ev is dened as 1/(Ev − Ev−1 ). Then, the only input
required to solve the FP equation is Tva , obtained from the STS calculations. It can be
veried in Fig. 1 that the resulting VDF matches the Treanor VDF and the STS result. This
result establishes the relation between AV V 1 () and BV V 1 () in the Fokker-Planck model. In
the work of Rusanov

et al. 22 a similar reasoning is taken to dene the ux due to V-V

processes, but a formulation of the Treanor VDF is used that is slightly dierent than the
one in Treanor's original paper 39 .

Figure 1: VDFs obtained exclusively with V-V1 processes and without dissociation, for
Pdep = 50 W cm−3 . Results from STS model, FP model and Treanor VDF from theory in
eq. 14.
If we remove the non-physical condition of no V-V1 dissociation, the ux J in eq. 11 can
no longer be ignored. Then, the solution of the stationary VDF depends not only on the
ratio between A and B but also on their values. Following eqs. 8 and 9, and considering
both forward and reverse V-V1 exchanges, we have rst tried to write the diusion coecient
for V-V1 processes as:

1
BV V 1 () = [∆E()]2 [kV V 1f ()n1 + kV V 1r ()n0 ]
2

(16)

where ∆E() for  between Ev−1 and Ev is dened as Ev − Ev−1 , kV V 1f is the rate coecent
of the forward process and kV V 1r is the rate coecent of the reverse process. Using the
formulation in eq. 16, the agreement with the STS VDF is not satisfactory for energies
12

above 5 eV. An alternative formulation consists on considering forward and reverse V-V1
processes together, with rate coecient kV V 1 () = kV V 1f () + kV V 1r (). In this case, the
density of the collision partner consists also of the sum of the densities of the collision
partners of the forward and reverse processes. Thus, the diusion coecient is written as:

1
BV V 1 () = [∆E()]2 kV V 1 ()[n1 + n0 ]
2

(17)

This is the approach used also for the description of the other processes impacting the
VDF with forward and reverse reactions. AV V 1 () is calculated as in eq. 15. The resulting
VDF, along with the dissociation rate J , is shown in Fig. 2 to match the STS result with

Tva = 2074 K, which validates the approach taken. J is only due to monoquantum V-V1
processes, which is not expected to be a relevant dissociation mechanism, and thus should
not be compared to the total dissociation taking place under experimental conditions.

Figure 2: VDFs obtained exclusively with V-V1 processes, including dissociation, for Pdep =
50 W cm−3 . Results from STS model, FP model and Treanor VDF from theory in eq. 14.
By comparing Figs. 1 and 2, it is visible that dissociation deviates the tail of the VDF
from the Treanor VDF for energies above 3.5 eV, while the bulk of the VDF still follows
the Treanor distribution. This result conrms that the Treanor VDF is only valid up to its
minimum, as noticed in our previous works 2426 and in the original paper by Treanor et al. 39 .
Afterwards, a plateau of the VDF extends almost to the dissociation threshold. Moreover,
13

the inclusion of V-V1 dissociation decreases Tva by about 348 K.

b. V-T relaxation
V-T processes are exchanges between vibrational energy and translational energy, or heating,
of gas molecules. When all the V-T processes listed in table 1 are included in the numerical
models, without any other process, a Boltzmann VDF at gas temperature Tg is obtained
in stationary condition. Following the same reasoning as for the V-V1 processes, we can
dene A as function of B from eq. 11 together with the denition of the Boltzmann VDF
as follows:



1
AV T () = BV T () −
Tg



(18)

Then, following eqs. 8 and 9, along with the description of the V-V1 processes in the previous
section, we write the diusion coecient as:

1
BV T () = [∆E()]2 kV T ()[nM + nM ]
2

(19)

where nM is the density of any neutral species. When the V-V1 and V-T processes are
combined, with the same Pdep = 50 W cm−3 , the obtained Tva is 714 K and the calculated
VDF approaches a Boltzmann distribution. The inclusion of the V-T processes severely
decreases Tva , mostly due to V-T reactions acting on the lowest states. Then, with Pdep =

2, 000 W cm−3 , 40 times higher than Pdep in the previous cases, the STS and FP VDFs shown
in Fig. 3, together with the correspondent dissociation rates, are obtained with Tva = 1775
K. Fig. 3 shows an excellent agreement between the STS and FP results. Even though V-T
reactions decrease Tva , they do not deviate the tail of the VDF from the Treanor distribution
any more than the V-V1 dissociation studied in Fig. 2. This is due to the polyatomic
character of CO2 , that renders intermode V-V' exchanges very important at high internal
energies and diminishes the role of V-T relaxation at those energies. This diminished role of
V-T exchanges in the asymmetric stretching mode has been highlighted before in the work
14

of Armenise and Kustova 9 .

Figure 3: VDFs obtained with V-T and V-V1 processes, including dissociation, for Pdep =
2000 W cm−3 . Results from STS model, FP model and Treanor VDF from theory in eq. 14.

c. V-V' exchange
V-V' processes are exchanges of vibrational energy between the dierent vibrational modes
of CO2 . Instead of leading the VDF towards a Treanor distribution at the vibrational temperature of the asymmetric stretching mode, V-V' processes between two modes contribute
to a Treanor distribution of a two-mode oscillator 6,23 . Thus, the relation between A and B
for V-V' processes between the asymmetric mode (a) and the combination of the symmetric
stretching and bending modes (s) is written as:



dv 1
1
− βas
AV V 0 () = BV V 0 () − + E1
Tg
d Tg
ωs
ωa − ωs
βas =
+
ωa Tvs
ωa Tg


(20)
(21)

where ωa is the vibrational frequency of the asymmetric stretching mode and ωs is the
vibrational frequency of the symmetric stretching mode, the highest between the vibrational
frequencies of the symmetric stretching and bending modes. This collisional data is obtained
from Kozák and Bogaerts 30 . Then, following eqs. 8 and 9, we write the diusion coecient
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as:

1
BV Va0 () = [∆E()]2 kV V 0 a ()[n0 + na ]
2
1
BV Vb0 () = [∆E()]2 kV V 0 b ()[n0 + nb ]
2

(22)

BV V 0 () = BV Va0 () + BV Vb0 ()

(24)

(23)

where na and nb are respectively the densities of states CO2 (va ) and CO2 (vb ), vibrationally
excited in the bending and symmetric stretching modes, obtained from the STS results.
When the V-V' processes are combined with the V-V1 and V-T processes, at the same

Pdep = 2000 W cm−3 , Tva is 1333 K, around 442 K lower than in the case without V-V'
processes. V-V' processes, along with V-T relaxation, are thus important for the calculation
of Tva . Then, with Pdep = 20, 000 W cm−3 , 10 times higher than Pdep in the previous case
without V-V' processes, the STS and FP VDFs shown in Fig. 4 are obtained with Tva = 2505
K. An excellent agreement is obtained between the STS and FP VDFs. Moreover, we notice
in Fig. 4 a serious deviation of the tail of the VDF from the Treanor distribution, for

 > 3 eV. Due to this deviation, the dissociation rate J presented in Fig. 4 is two orders
of magnitude lower than J in Fig. 3 and four orders of magnitude lower than J in Fig.
2, despite the higher Tva of 2505 K in Fig. 4. This deviation is not obtained with other
processes, which reinforces the relevance of V-V' exchanges. The importance of intermode
exchanges has been highlighted before in the work of Armenise and Kustova 31 . With V-V1 ,
V-T and V-V' processes, using the kinetic data from Kozák and Bogaerts 30 , we see that a
rather complete description of the VDF can be depicted.
In Fig. 5 the agreement between STS and FP VDFs is evaluated for further conditions
of Pdep , between 2,000 and 50,000 W cm−3 . Consequently, a wide range of relevant values of

Tva is assessed, between 1333 and 2831 K. We notice in every case a good agreement between
the STS and FP VDFs. In fact, the distribution is the same until approximately 4 eV. Then,
a small deviation of the tail of the FP VDF with respect to the STS VDF is visible for Tva =
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Figure 4: VDFs obtained with V-V', V-T and V-V1 processes, including dissociation, for
Pdep = 20, 000 W cm−3 . Results from STS model, FP model and Treanor VDF from theory
in eq. 14.

1333 and 2831 K. This small deviation reects the uncertainty in the approximations and
parameters considered in the derivation of transport coecients described so far, particularly
when considering that V-V' processes are described by a Treanor distribution for a two-mode
oscillator. As far as J is concerned, it is directly proportional to n1 and n(max ), and thus
the dierence between STS and FP results of J is proportional to the dierence between
STS and FP results of n(max ).

Figure 5: VDFs obtained with V-V', V-T and V-V1 processes, including dissociation, for
Pdep = 2, 000; 10, 000 and 50, 000 W cm−3 . Results from STS and FP models.
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d. V-Vn processes
V-Vn processes are exchanges where CO2 molecules gain a vibrational quantum in the asymmetric stretching mode by colliding with molecules excited at the same level v = n that lose
a quantum in the same mode in the collision. Therefore, the V-Vn ux is nonlinear with
respect to the VDF. An analytical expression for this ux is provided in Fridman's books 3,19 ,
which is dierent than the one used for other V-V processes, such as V-V1 . In fact, following
the formulation proposed in those works, the Treanor distribution is one solution to the VDF
exclusively with V-Vn processes and without dissociation (J = 0), but is not the only solution, contrarily to other V-V processes. Instead of applying the rather complex analytical
formulation proposed in Fridman's books 3,19 , we describe the relation between A and B for
V-Vn processes the same way we do for non-resonant V-V1 processes in eq. 15. Then, we
dene the diusion coecient:

1
BV V n () = [∆E()]2 kV V n ()[n() + n()]
2

(25)

The validity of this solution is tested by comparing the STS and FP VDFs for the same Pdep
as in Fig. 5, now including V-Vn processes. The results of this comparison are presented in
Fig. 6.

Figure 6: VDFs obtained with V-Vn , V-V', V-T and V-V1 processes, including dissociation,
for Pdep = 2, 000; 10, 000 and 50, 000 W cm−3 . Results from STS and FP models.
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Firstly, it can be observed in Fig. 6 that Tva calculated through the STS simulations
for the two cases of lower Pdep is the same as in Fig. 5. In the remaining case, with

Pdep = 50, 000 W cm−3 , Tva is slightly lower when including V-Vn processes. Indeed, we
verify that for Tg = 300 K and Tva < 2500 K, as the densities of the highest levels are
relatively low, V-Vn processes can be considered irrelevant and the V-V dissociation rate is
almost exclusively due to V-V1 processes. Thus, in that condition the agreement between
the STS and FP VDFs is equally good, with or without the inclusion of V-Vn collisions.
For Tva > 2500 K, the relevance of V-Vn processes increases with Tva and aects mostly
the tail of the VDF and thus the V-V dissociation rate. With Tva around 2800 K, the
dissociation rate in the STS results without V-Vn processes in Fig. 5 is 4.99 × 1015 cm−3
s−1 , while with V-Vn reactions in Fig. 6 it increases to 1.31 × 1018 cm−3 s−1 . Then, by
comparing the STS and FP VDFs in Fig. 6 for the same Tva , we observe an agreement until
approximately  = 3 eV. However, the tail of the VDF calculated through the FP approach
is signicantly higher than the one of the STS VDF, which has an impact on J . When
including V-Vn reactions, the V-V1 dissociation rate alone is much higher than in the STS
results, due to the increase of the VDF tail: Jdiss−1 = 2.89 × 1019 cm−3 s−1 . Moreover,
the V-Vn dissociation rate in those conditions is even higher: Jdiss−n = 1.07 × 1021 cm−3
s−1 . We conclude that our approach to include V-Vn processes in the FP model can be
used to describe the bulk of the VDF but not the tail for Tva > 2500 K and Tg = 300 K.
We should notice that Tva /Tg ' 8 represents an extremely high vibrational nonequilibrium,
hardly reachable in experimental conditions of CO2 discharges, and thus our approach is
valid in the relevant range of Tva /Tg < 8.

e. e-V excitation
e-V processes are the primary sources of vibrational excitation in plasmas. So far in this
work, the only e-V processes considered have been vibrational excitation from CO2 (v = 0)
to CO2 (v = 1) and de-excitation from CO2 (v = 1) to CO2 (v = 0). In fact, monoquantum
19

and multiquantum excitation and de-excitation reactions through collisions of electrons with
other vibrational levels are also important to determine the vibrational temperatures of CO2 ,
and may be relevant for the shape of the VDF. Here, as we want to study only the VDF in the
asymmetric stretching mode, we only consider transitions in that mode. As in the work of
Kozák and Bogaerts 30 , e-V excitation is only considered for collisions between electrons and
the lowest states of CO2 , with v ≤ 5. Even though the excitation of multiple quanta may be
relevant for the VDF, it is not the object of this work, and thus only monoquantum excitation
and de-excitation processes are taken into account. When these processes are implemented
in the STS model, the VDFs observed in Fig. 7 are obtained for Pdep = 2, 000; 5, 000; 10, 000
W cm−3 .

Figure 7: VDFs obtained with e-V, V-Vn , V-V', V-T and V-V1 processes, including dissociation, for Pdep = 2, 000; 5, 000 and 10, 000 W cm−3 . Results from STS and FP models.
By comparing the VDFs in Figs. 6 and 7, it can be noticed that Tva is increased with
the inclusion of the e-V processes. For Pdep = 2, 000 W cm−3 , Tva = 1373 K, instead of 1333
without these e-V processes. For Pdep = 10, 000 W cm−3 , Tva = 2315 K, instead of 2146
without these e-V processes. The increase could be signicantly higher with the inclusion
of other e-V processes. The e-V reactions included only aect the lower levels of the VDF.

Tva is changed but the bulk of the VDF still follows a Treanor at Tva . Thus, no change
is necessary in the FP model to describe these processes. The FP VDFs presented in Fig.
7 have been obtained using the same parameters as those used for the VDFs in Fig. 6
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and the same type of good agreement is obtained for Tva < 2500 K. As can be observed,
the inclusion of the monoquantum e-V processes for the 6 levels of lowest energy of the
asymmetric stretching vibrational mode of CO2 has not modied the tail of the VDFs and
the agreement between the STS and FP calculations. It can not be discarded that the
inclusion of other e-V processes would require a special treatment in the FP formulation, as
performed in the works of Macheret, Rusanov and coworkers 20,23 .

Conclusions
The use of the numerical Fokker-Planck (FP) approach to describe the vibrational kinetics of
the asymmetric stretching vibrational mode of CO2 has been validated in this work, through
comparisons with a state-to-state (STS) model considering the same physical conditions and
kinetic data. In particular, the detailed comparison of the vibrational distribution functions
(VDFs) obtained in stationary conditions through the two approaches has been taken as
criterium of validation. The validation has been carried out inside the theoretical limits of
validity of the FP equation, that describes vibrational kinetics as drift and diusion transport
processes in the space of vibrational energy. As such, only monoquantum transitions have
been considered. The validation has been performed at a gas temperature of 300 K and
for a wide range of relevant vibrational temperatures, by describing one physical process at
the time, thus validating the parameters used in the FP model to describe each process:
V-V1 exchanges, with and without dissociation; V-T relaxation; V-V' exchanges with the
other vibrational modes of CO2 ; V-Vn for vibrational temperatures below 2500 K; and eV excitation of the lowest vibrational levels. Simultaneously, the eect of each of these
crucial processes for the vibrational kinetics of polyatomic molecules has been evaluated, by
assessing their inuence on the STS calculation of vibrational temperature and on both the
STS and FP VDFs.
The derivation of the FP equation exposed in this work provides the general theoretical
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basis to apply this method to any system. However, the implementation of the kinetic
scheme depicted in table 1 in the FP model has been shown to be not straightforward. In
fact, the formulation of drift and diusion coecients has been shown to be dependent on
the processes considered. Yet, the implementation of several processes shown in this work
provides a basis for the application of the FP approach to more processes, molecules and
physical conditions. In particular, we can foresee the interest to implement, for CO2 or
other molecules, multiquantum transitions, a more complete description of e-V reactions
and intermode exchanges, vibrational exchanges between dierent molecules and further
dissociation and recombination processes. The validity of multiquantum transitions in the
FP model has to be tested, since these transitions may collide with the theoretical derivation
of the FP equation. The inclusion of all other processes can be based on the formulations
exposed in this work, but requires appropriate extensions and validation. The analytical
works with the FP equation 7,19,20 can be particularly helpful for that aim. In future work
we intend to deal with the implementation of these processes. Moreover, the validation
procedure will be generalized for any gas temperature.
The FP model requires gas temperature, vibrational temperatures and number density
of a few species as input parameters, which we have obtained from STS calculations. Once
these parameters are known, the FP calculations of the stationary VDF are much faster,
around three orders of magnitude faster, than the STS calculations. Thus, the use of the
FP approach in multidimensional models is very promising for the prospect of modelling
CO2 plasma reactors taking into account vibrational non-equilibrium. However, the selfconsistent use of the FP approach requires its coupling with calculations that provide the
input parameters. The implementation of reduced STS models, considering only a few
species, will be explored for this purpose, while avoiding the computational cost of full STS
models that include dozens of species and hundreds or thousands of reactions. These steps
will allow to use the FP approach self-consistently in physical conditions of CO2 discharge
experiments, such as those of plasma reactors for CO2 conversion.
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