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Small-scale turbulence originating from microinstabilities limits the energy confinement time in magnetic confinement
fusion. Here we develop a semi-analytical dispersion relation based on lowest-order solutions to the gyrokinetic equa-
tions in an asymptotic expansion in the ratio of transit (bounce) frequency to the mode frequency for ions (electrons),
capable of describing two common instabilities: the ion temperature gradient (ITG) mode and trapped-electron mode
(TEM), in the electrostatic limit. The dispersion relation, which is valid in arbitrary toroidal geometry, takes into ac-
count resonances with the magnetic ion and bounce-averaged electron drifts, incorporates non-local effects along the
magnetic field line, is valid for arbitrary sign of the growth rate and magnetic curvature, and is shown to satisfy a vari-
ational property. Several common approximation models are introduced for both the magnetic drift and finite Larmor
radius (FLR) damping, with the Padé approximation for FLR effect in particular resulting in remarkable agreement
with the baseline dispersion relation model at significantly reduced costs. The baseline model is verified by comparing
solutions of the dispersion relation model to high-fidelity linear gyrokinetic simulations, where the exact eigenfunction
of the electrostatic potential from simulations is used as a trial function, showing good quantitative agreement for ITGs
and TEMs in shaped tokamaks as well as low-magnetic-shear stellarators.

I. INTRODUCTION

For the successful exploitation of magnetic confinement
fusion as an energy source, it is important that the extreme
plasma conditions persist for a sufficiently long time. In
both tokamaks and modern stellarators optimised for low
neoclassical transport1,2, the confinement losses are dom-
inated by the anomalous transport channel. This trans-
port is due to turbulent fluctuations, which are driven by
microinstabilities in the plasma3,4. In typical cases, most
of the turbulent transport is driven by the ion-temperature
gradient (ITG) mode and trapped-electron mode (TEM)5–8,
though in reactor-relevant scenarios, finite-pressure-gradient-
driven magnetic instabilities such as kinetic ballooning modes
(KBMs)9,10 or microtearing modes (MTMs)11 may also con-
tribute to turbulence-induced transport. Nevertheless, in the
present work, we focus on the former class of electrostatic in-
stabilities.

These microinstabilities can be investigated using linear
gyrokinetics12–15, which reveals a strong susceptibility to
the magnetic geometry16–23. In particular, TEMs, driven
by resonances with the toroidal-precession drift of trapped
electrons24, may be avoided altogether in so-called maximum-
J configurations25,26, where all trapped particles experience
a net-favourable bounce-averaged drift. While it is possi-
ble to design stellarators that provide a close approxima-
tion to such a maximum-J property27–29, in tokamaks30 and
quasi-symmetric stellarators31 – both of which cannot be
made maximum-J32 – the stability of TEMs may alterna-
tively be adjusted by reducing the trapped-particle fraction
and modifying the cross-field drifts through flux-surface shap-

ing. Likewise, the (toroidal) ITG instability is directly af-
fected by the magnetic geometry through the arrangement
of bad-curvature regions and shear-enhanced finite-Larmor-
radius (FLR) suppression33,34.

It it thus clear that there is potential for optimising the
magnetic geometry for increased resilience against these mi-
croinstabilities, especially for stellarators due to their substan-
tial flexibility in magnetic-configuration space. For realistic
geometries, detailed microstability investigations require di-
rect numerical simulations using gyrokinetic codes. Whilst
the involved linear calculations have relatively low compu-
tational cost in comparison to nonlinear simulations for the
heat losses, the former being typically on the order of 1/100
CPUhr per wavenumber versus 100k/10M CPUhrs per diffu-
sivity for the latter in tokamak/stellarator configurations, re-
spectively, they are still too computationally intense to be di-
rectly used inside optimisation routines, where instead simpler
and cheaper geometry-based proxies for microstability have
been opted for opted for in the past35–39. Noticeable excep-
tions include the work done by Refs. 40 and 41 where a quasi-
linear mixing-length estimate and nonlinear heatflux of ITG,
respectively, are directly included in the optimisation target,
though both approaches necessitate an adiabatic treatment of
electrons for numerical feasibility. Hence, there is a need for
the development of fast reduced models to assess the stability
of microturbulence.

Whilst in the past strides have been made to analytically in-
vestigate stability, in particular of ITG modes, these often rely
on using “toy geometries” like a square drift-well embedded
in a shearless constant magnetic field34, or by invoking the so-
called “local limit”42–45 where the variation of the geometry
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and eigenfunction along the field line are neglected. Only by
invoking a non-resonant limit can effects of the geometry vari-
ation be retained in an analytically tractable form, though typ-
ically still requiring a simplification of the magnetic geometry
parameterisation33,43,44,46. For TEMs, the salient geometric
features are of much more importance due to the strong inter-
play between geometry and arrangement of trapped-particle
populations, hence non-local treatments are rendered a neces-
sity. Whilst binary statements regarding the existence of un-
stable TEMs in arbitrary toroidal geometry can be made us-
ing energy-budget calculations25,47,48, obtaining quantitative
growth rates in arbitrary geometry usually requires invoking a
non-resonant expansion as well48,49.

The goal of this work is two-fold. On the one hand, it is to
be a partially pedagogical by providing an exercise in the cal-
culation of resonant dispersion functions which typically ap-
pear in the calculation of electrostatic microinstabilties, and
examine the feasibility of a variety of common approxima-
tions considered in literature to further simplify such disper-
sion relations in the context of reduced modelling. On the
other hand, we construct a baseline reduced-physics model for
the dispersion relation of ITG and TEM, based on a lowest-
order expansion of the collisionless electrostatic gyrokinetic
system in the ratio of transit (bounce) frequency to the mode
frequency for ions (electrons), and extensively test the capa-
bilities of both the baseline model and its various approxima-
tions in predicting ITG and TEM eigenfrequencies compared
to high-fidelity gyrokinetic predictions. The baseline reduced
model retains gyrokinetic passing-ion and drift-kinetic (DK)
trapped-electron responses to fluctuations in the electrostatic
potential, includes impurities50 , is valid in arbitrary toroidal
geometry, and accounts for non-local effects of the geome-
try along the magnetic field line. As a result of these ap-
proximations, the baseline model lacks the physics associated
with transit resonances, and essentially considers the pass-
ing electrons to be adiabatic, and therefore cannot describe
the slab branch of the ITG mode33,51, nor instabilities pre-
dominantly driven by passing electrons such as the electron-
temperature gradient (ETG) mode5,51–55 or the universal insta-
bility (UI)47,56,57. However, the model does allow for semi-
analytical treatment of kinetic resonances for both ions and
electrons, with full analytical treatments made possible by ad-
ditional simplifying approximations. Most importantly, we
extend the validity range of these (semi-)analytical expres-
sions to arbitrary growth rate and curvature, where previous
treatments typically implicitly assumed these to be positive.
The various models are a posteriori validated by comparing
the growth rates and frequencies with those obtained from lin-
ear simulation with the GENE code5, using the exact gyroki-
netic eigenfunctions as model input. To highlight the versa-
tile geometry capabilities of the model, we consider a variety
of realistic magnetic geometries based on experimental de-
vices. These include the DIII-D tokamak58, both positive- and
negative-triangularity configurations of the TCV tokamak59

(with equilibria corresponding to last closed-flux surface tri-
angularities of δLCFS ≈ ±0.4), the standard quasi-symmetric
configuration of the Helically Symmetric eXperiment (HSX)
stellarator60, and both the high- and negative-mirror configu-

rations of the Wendelstein 7-X (W7-X) stellarator61. Here we
will only present results for DIII-D, HSX and the high-mirror
configuration of W7-X, with results for the remainder of con-
figurations shown in the Supplementary Material.

The paper is organised as follows; in Section II, the colli-
sionless electrostatic gyrokinetic system is briefly introduced
and the dispersion relation model is derived. Next, in Sec-
tion III, we provide a brief description to the GENE code,
and the setup of simulation parameters. Additionally we de-
scribe the numerical solution strategy and normalisations used
for solving the dispersion relation. We then present the re-
sults of the gyrokinetic simulations in Section IV, compar-
ing these with the eigenfrequencies obtained by the disper-
sion model separately in the cases of adiabatic electrons and
kinetic electrons in Section IV A and Section IV B, respec-
tively. Afterwards, in Section V we explore the feasibility
of using further approximations for the FLR stabilisation and
magnetic-drift resonance, aimed at alleviating the need of nu-
merical integration of the semi-analytical ion terms in the dis-
persion relation. These approximations allow for a fully ana-
lytical treatment of the ion terms, yielding simplified reduced
versions of the baseline dispersion relation with significantly
lower computational costs. These reduced models are then
subsequently tested against the baseline dispersion model to
probe for the essential underlying physics necessary to resolve
toroidal-instability drive. Lastly, in Section VI we provide a
summary and brief outlook.

II. GYROKINETIC FORMULATION OF DISPERSION
RELATION

The ITG and TEM microinstabilities may be described as
electrostatic drift-wave fluctuations, hence we consider the
β → 0 limit of the gyrokinetic framework13,15. Here β =
p/(B2/2µ0), with p the total plasma pressure, µ0 the vac-
uum permeability and B the magnetic field strength, expresses
the ratio between kinetic- and magnetic pressures, such that
magnetic fluctuations are neglected altogether in the elec-
trostatic approximation (δB ≈ 0). Additionally, as we fo-
cus on microinstabilities responsible for core plasma turbu-
lence we consider the collisionless limit. This collisionless
electrostatic limit is commonly employed to describe both
instabilities33,34,43,48,49. However, both finite-β and finite col-
lisionality tend to have a stabilising influence on the ITG and
TEM10,62, such that the modes governed by the collisionless
electrostatic gyrokinetic system may be considered as upper
bounds of instability. A potential noticeable exception occurs
for dissipative TEMs, which may be destabilised by finite col-
lisionality under conditions of steep gradients as occur in e.g.
edge region of tokamak plasmas63.

We note that whilst these approximations are common, they
may not be suitable for certain scenarios like high-β spher-
ical tokamak plasmas or high collisionality stellarator plas-
mas. However, under reactor-relevant conditions we expect
the resulting model to provide reasonable predictions regard-
ing ITGs and TEMs, where it may be further supplemented
with other reduced models to predict the destabilisation of ad-
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ditional electromagnetic instabilities, such as the one recently
developed in Ref. 64 for KBMs.

The distribution function of each species s is split into equi-
librium and fluctuating parts as

fs(x,v, t) = FMs(x,v)

(

1− qsφ(x, t)

Ts

)

+gs(R,v, t) (1)

where the first term includes both the equilibrium Maxwellian
distribution

FMs(x,v) =
ns(x)

(√
2πvT s

)3 exp

(

− v2

2v2
T s

)

(2)

and the adiabatic response. In Eqns. (1) and (2) ns,Ts,qs,ms,
and vT s =

√

Ts/ms denote the equilibrium density, equi-
librium temperature, charge, mass and thermal velocity of
species s, respectively, while x,v, t denote position, velocity
and time, respectively. Additionally, the last term in Eqn. (1)
is the non-adiabatic response, which describes the distribu-
tion function of particle gyrocenters R= x−eb×v/Ωs, where
eb =B/B, with B denoting the equilibrium magnetic flux den-
sity, Ωs = qsB/ms the cyclotron frequency and B = ∥B∥. The
gyrocenter distribution evolves according to the linearised gy-
rokinetic Vlasov equation12

v∥∇∥ĝs − i(ω −ωds) ĝs =−i
qsφ̂

Ts

J0(k⊥ρs)
(
ω −ωT

∗s

)
FMs (3)

where it has been assumed that we are dealing with low-
frequency drift waves characterised by eigenfrequencies
ω/Ωs ≪ 1, and cross-field spatial scales λ⊥ much shorter
than equilibrium length scales, λ⊥/a ≪ 1, with a the minor
radius. With those conditions satisfied, each fluctuating quan-
tity can be written as ξ (x, t) = ξ̂ (l)exp(iS(x)− iωt), where
the eikonal eiS describes the short-scale variation across the
magnetic field, such that ∇S ·B = 0 and ξ̂ (l) describes the
long-scale variation of fluctuations along the magnetic field.
Furthermore, in Eqn. (3), ∇∥ = eb ·∇ is the differential oper-
ator along the field-line coordinate, ωds = k⊥ · vds the mag-
netic drift frequency, where k⊥ = ∇S is the perpendicular

wavenumber, and vds = eb ×

(

v2
∥κ + v2

⊥∇ lnB/2
)

/Ωs is the

magnetic drift velocity, with κ = (eb · ∇)eb the magnetic
curvature vector, and v∥,v⊥ denote the velocity components
decomposed with respect to their alignment to the magnetic
field. Additionally, J0 is the zeroth-order Bessel function of
the first kind, k⊥ = ∥k⊥∥ is the magnitude of the perpendic-
ular wavenumber (such that k⊥ ∼ 1/λ⊥), ρs = ∥eb ×v/Ωs∥
the Larmor radius, such that J0(k⊥ρs) describes the effect
of gyroaveraging the fluctuations over the unperturbed par-
ticle orbit, and ωT

∗s = ω∇ns +ω∇Ts

(
v2/(2v2

T s)−3/2
)

is the
temperature-dependent diamagnetic frequency in terms of
the two components of the pressure gradient ω∇{ns,Ts} =
Ts (k⊥× eb) ·∇ ln{ns,Ts}/(qsB), where ω∇ns is commonly
referred to as the diamagnetic frequency. In interpreting
Eqn. (3) as a one-dimensional differential equation in ĝs(l)
by introducing a perpendicular wavevector k⊥, the ballooning
transform65–67 has been employed to reconcile the presence

of sheared toroidal magnetic field lines with the periodicity
constraint of Fourier modes.

The electrostatic potential is obtained self-consistently
from Poisson’s equation, which under reactor-relevant condi-
tions where the length scales of interest far exceed the Debye
length, reduces to a quasi-neutrality constraint on the density
fluctuations δns =

∫
( fs −FMs)d3vs

∑
s

q2
s nsφ(x, t)

Ts

= ∑
s

qs

∫

⟨gs(R,v, t)⟩x d3vs (4)

where ⟨· · ·⟩x denotes a ring-average over the gyrophase, per-
formed at constant particle position68. For the linear eigen-
modes with strong spatial anisotropy with respect to the
magnetic-field orientation considered here, Eqn. (4) reduces
to a constitutive relation between the slowly varying parallel
profiles (denoted by hats)

∑
s

q2
s nsφ̂

Ts

= ∑
s

qs

∫

J0(k⊥ρs)ĝsd
3vs. (5)

A. Approximate solutions and local dispersion relation

Whilst it is possible to find a general solution to Eqn. (3) in
terms of an integrating factor69, the resulting quasi-neutrality
condition becomes expressed in terms of charge-density
kernels70, which tends to obscure some of the more salient
physical features underlying the instability mechanisms due
to their non-tractability (see e.g. Ref. 71 for such a general
description of the ITG mode).

Instead here we focus on modes with characteristic frequen-
cies ordered as

ωbi ≪ ωti ≪ ω ≪ ωbe ≪ ωte (6)

where ωbs and respectively ωts represent the characteristic
bounce- and transit frequencies of species s. The former is
defined in terms of the time it takes a thermal trapped parti-
cle to bounce between regions of magnetic maxima on a flux
surface, while the latter is defined in terms of the time it takes
a thermal passing particle to traverse the connection length,
i.e. the region between locations of good and bad magnetic
curvature33. In a tokamak, this simply corresponds to the dis-
tance along the field line between the inboard and outboard
side, but can be considerably shorter in a stellarator. The fre-
quency ordering of Eqn. (6) is equivalent to the condition for
the mode to avoid strong Landau damping, and has also been
considered in e.g. Refs. 21, 33, 44, 48, 49, 70–73. Applying
the frequency ordering of Eqn. (6) to the gyrokinetic Vlasov
equation [Eqn. (3)], we can obtain asymptotic solutions for
ĝi and ĝe in the limit of ωti/ω ∼ ω/ωbe ≪ 1, which effec-
tively weights the significance of the two terms of the left-
hand sight, as the streaming term v∥∇∥ can be associated with
the bounce- and transit motion. For the ions by neglecting the
streaming term to lowest order we straightforwardly obtain

ĝi ≈
Zieφ̂

Ti

ω −ωT
∗i

ω −ωdi
J0(k⊥ρi)FMi, (7)
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4

where Zi = qi/e is the charge number and e denotes the ele-
mentary charge. Meanwhile, for the electrons the streaming
term dominates, and to lowest order the distribution ĝe is con-
stant along the field line. By taking a bounce-average of the
gyrokinetic Vlasov equation [Eqn. (3)], the electron gyrocen-
ter distribution is found as74

ĝe ≈
−e

Te

ω −ωT
∗e

ω −ωde
J0(k⊥ρe)φ̂FMe (8)

where · · · denotes the bounce-average (transit-average) opera-
tor

· · ·=

∮ dl(···)
|v∥|

∮ dl

|v∥|
,

where the integral is taken along subsequent bounce-points
(along the entire field line), defined as the positions along the
field line where

∣
∣v∥
∣
∣ =

√

2(E −µB(l)) = 0, with E = mv2/2
the particle kinetic energy and µ = mv2

⊥/(2B) the magnetic
moment, for trapped (passing) particles. We invoke one final
approximation with regard to the spatial scales, where we con-
sider modes characterised by k⊥ρT i ∼ O(0.1)−O(1) where
ρT i = vT i/Ωi is the characteristic ion Larmor radius at ther-
mal speed, which corresponds to the scales of interests where
the bulk of the transport is typically observed in nonlinear

simulations6,9,10,75–77. At these scales, we may approximate
k⊥ρe ≈ 0 in the argument of the Bessel function in Eqn. (8),
thereby effectively treating the electrons drift-kinetically, as
also considered in e.g. Refs. 48, 51, and 70.

As a result of these simplifying assumptions on the param-
eter regime, we effectively treat all ions as passing particles,
thus ignoring the possibility of trapped-ion modes, though
such instabilities would require much larger spatial scales
than supported by our k⊥ρT i ∼ O(0.1)−O(1) ordering51,78.
Moreover, we effectively treat passing electrons adiabatically,
as passing particles will experience a net vanishing transit-

averaged perturbation φ̂ → 0 due to the finite extent of the
modes along the field lines. Therefore, within the drift-kinetic
(DK) treatment for electrons, the non-adiabatic response of
electrons [Eqn. (8)] vanishes for passing particles. As a conse-
quence, short-wavelength, i.e. electron-scale, instabilities as-
sociated with drift-resonances from passing particles like ETG
modes5,51–55 are absent from the model we present here. As
a final limitation, the effects of transit resonances associated
with parallel ion- and electron motion have also been removed
by invoking the frequency ordering of Eqn. (6), which elim-
inates the model’s capability of predicting the slab branch of
the ITG mode33,51 and the UI47,56,57, respectively.

With these simplifications in mind, substituting Eqns. (7)
and (8) into the quasi-neutrality constraint Eqn. (5) yields the
following local dispersion relation

Dlocal(ω,k⊥,{geo},{plasma}, l) =
(

1+∑
j

Z2
j n j

ne

Te

Tj

−∑
j

Z2
j n j

ne

Te

Tj

∫ ω −ωT
∗ j

ω −ωd j(l)
FM jJ0(k⊥ρ j(l))

2d3vj

)

φ̂(l)

−
∫

trap(l)

ω −ωT
∗e

ω −ωde
φ̂FMed3ve = 0 (9)

where the sum over j accounts for all ion species present in
the plasma. In obtaining Eqn. (9) it has been assumed that
the non-adiabatic part of the perturbed distribution function
for all ion species can accurately be described by the gyroki-
netic Vlasov equation [Eqn. (3)] and its approximate solution
of Eqn. (7), as e.g. also considered in the impurity model of
Ref. 45, which are benign assumptions for all but the heaviest
of impurities50. Henceforth, the subscript i shall exclusively
refer to the main ion species. In Eqn. (9) we have introduced
the single-particle Maxwellian as FMs = FMs/ns. This dis-
persion relation depends on the geometric parameterisation
through the magnetic drifts, as well as the FLR damping terms
of the ions, as the magnitude of the perpendicular wavevector
k⊥ = kψ ∇ψ + kα ∇α is determined by

k⊥ =
√

gψψ k2
ψ +gαα k2

α +2gψα kψ kα (10)

where gmn =∇xm
·∇xn are the components of the contravari-

ant metric tensor, ψ the poloidal magnetic flux function and
α = qθ −ζ the Clebsch angle, corresponding to the magnetic

flux density B = ∇ψ ×∇α . Additionally, θ ,ζ denote the
poloidal- and toroidal Boozer angles, respectively, while q(ψ)
is the inverse of the rotational transform, commonly known
as the safety factor in tokamak literature79. In Eqn. (9), the
dependency on parameters like the plasma composition and
kinetic profiles are combined in {plasma}, which like the
magnetic-configuration dependency {geo} are considered as
external parameters set by macroscopic considerations. The
trapped region of velocity space is delimited by pitch angles
λ = µ/E = v2

⊥/(v
2B) in the range of 1/Bmax ≤ λ ≤ 1/B(l),

where Bmax is the global maximum of the magnetic field
strength on a flux surface, and depends on the position along
the field line, hence the nomer “local” for Eqn. (9) despite the
appearance of the bounce-averages.

By virtue of the approximations made above, we now gain
physical insight regarding the underlying physics of the in-
stabilities, for Eqn. (9) provides two singularities in the non-
adiabatic density fluctuations of ions (ω ≈ ωd j) and elec-

trons (ω ≈ ωT
de), leading to the resonance conditions for the

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
3
2
4
1
3
4



5

(toroidal) ITG and TEM, respectively. This, however, results
in an oversimplified picture, where it is assumed that the mode
frequency is purely real-valued ω = ωR , corresponding to a
stable drift wave, while such electrostatic fluctuations must
have a finite growth (γ > 0) or damping rate (γ < 0), per
ω = ωR + iγ , producing Landau damping in homogeneous
plasmas80, which can further be driven unstable at sufficiently
large gradients51.

In order to solve the kinetic integrals analytically, the drift
resonances need to be carefully resolved. We propose here a
generalisation of the method introduced in Ref. 44 to resolve
the ITG resonance in the DK limit, by writing the frequency
denominators as

1
ω −ωds

=
1

iσγ

∞∫

0

dξ eiσγ (ω−ωds)ξ iff Im[ω] ̸= 0 (11)

where σγ = sgnγ = ±1 ensures absolute convergence of the
auxiliary integral, which is strictly evaluated along R

+, and
therefore integrability of the resonance. A fundamental lim-
itation of Eqn. (11), however, is that the right-hand side is
undefined for pure drift waves with ω = ωR, though the left
hand-side is, with exception of the point ωR =ωds. For a given

ωR, however, such a point will always occur while evaluating
Eqn. (9), such that pure drift waves cannot constitute a valid
solution to the dispersion relation. As conjectured above, so-
lutions to the dispersion relation, which we seek to obtain us-
ing Eqn. (11), must thus have finite γ .

Typically, this auxiliary integral approach to integrate the
resonance is only considered for unstable modes81–84, in
which case it reduces to the approach taken by Biglari, Di-
amond and Rosenbluth44, hereafter referred to as BDR. We
note that Eqn. (11) closely resembles the form used in Eqn 3.5
from Ref. 42 to similarly extend the applicability of the BDR
approach to damped modes, where instead the upper bound
is considered to be σγ ∞ for robust numerical integration re-
gardless of whether modes are damped or growing. Though,
as we shall see in Appendix A, maintaining the integration
path along the positive real line is beneficial when solving the
resulting velocity integrals from the dispersion relation ana-
lytically. After applying Eqn. (11) to Eqn. (9), the remainder
of the derivation involves exchanging the order of integration
between ξ and velocity-space variables, followed by a series
of changes of integration variables, each tailored to maintain
the absolute convergence that is guaranteed by Eqn. (11), and
is deferred to Appendix A, resulting in

Dlocal(ω,kψ ,kα ,{geo},{plasma}, l) =
(

1+∑
j

Z2
j n j

ne

Te

Tj

−∑
j

Z2
j n j

ne

Te

Tj

[

Γ0(b j)−
ω∇n j

− 3
2 ω∇Tj

ω
J
(0)
j (ω,{geo},k⊥, l)

+
ω j,∇B −ω∇Tj

2ω
J
(2)
j,⊥(ω,{geo},k⊥, l)+

ω j,κ −
ω∇Tj

2

ω
J2

j,∥(ω,{geo},k⊥, l)

])

φ̂(l)−B(l)

1/B(l)∫

1/Bmax

dλ
φ̂(λ )

√

1−λB(l)
×

[

1
2
+

3
4

ωT
de(λ )−ω∇Te

ω
J
(2)
tr-el(ω,λ ,{geo},k⊥)−

ω∇ne − 3
2 ω∇Te

2ω
J
(1)
tr-el(ω,λ ,{geo},k⊥)

]

= 0. (12)

In Eqn. (12) we have absorbed the variation of k⊥ due to
the metric into the geometric dependency {geo}, while ωs,κ =

k⊥ · (eb ×κ)v2
T s/Ωs and ωs,∇B = k⊥ · (eb ×∇ lnB)v2

T s/Ωs

are the usual thermal curvature and ∇B components of the
magnetic drift frequency, b j = (k⊥ρT j)

2 represents the magni-
tude of the perpendicular wavenumber normalised to thermal
ion Larmor radius, and Γn(z) = exp(−z)In(z) denotes the ex-
ponentially scaled nth-order modified Bessel functions of the
first kind. Additionally, we have used an energy and pitch an-
gle representation of velocity space for electrons, such that the
bounce-average operator

· · ·=

∮ dl√
1−λB(l)

(· · ·)
∮ dl√

1−λB(l)

(13)

becomes a function of pitch angle only, and ωT
de(λ , l) =

2ωe,κ(l)(1−λB(l))+ωe,∇B(l)λB(l) is the orbit-modulated
total drift frequency of an electron at thermal energy E = Te
with pitch angle λ . In Eqn. (12), the following ion integrals
appear associated with the drift resonance:
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6

J
(0)
j =

ω

iσγ

∞∫

0

dξ
eiσγ ωξ Γ0(b̂ j(ξ ))

√
1+2iσγ ω j,κ ξ (1+ iσγ ω j,∇Bξ )

J
(2)
j,⊥ =

2ω

iσγ

∞∫

0

dξ
eiσγ ωξ

(
Γ0(b̂ j(ξ ))+ b̂ j(ξ )

[
Γ1(b̂ j(ξ ))−Γ0(b̂ j(ξ ))

])

√
1+2iσγ ω j,κ ξ (1+ iσγ ω j,∇Bξ )2

J
(2)
j,∥ =

ω

iσγ

∞∫

0

dξ
eiσγ ωξ Γ0(b̂ j(ξ ))

(
1+2iσγ ω j,κ ξ

)3/2
(1+ iσγ ω j,∇Bξ )

(14)

where b̂ j(ξ ) = b j/(1+ iσγ ω j,∇Bξ ). Likewise, in Eqn. (12)
we have introduced the resonant electron integrals

J
(1)
tr-el =−2

(

ae +a
3/2
e σγ σdeZ(σγ σde

√
ae)
)

,

J
(2)
tr-el =−2

(
ae

3
(1+2ae)+

2
3

a
5/2
e σγ σdeZ(σγ σde

√
ae)

)

,
(15)

where ae = ω/ωT
de, and σde = sgnωT

de, and the plasma dis-
persion function Z(ζ ) = i

√
πW (ζ ) here appears explicitly in

the form of its fundamental definition in terms of the Fad-
deeva function85 W (ζ ) = exp

(
−ζ 2

)
erfc(−iζ ). In Eqns. (14)

and (15), and throughout the remainder of the manuscript,
whenever we write

√
z or z1/2 for a complex quantity z, we

refer to the principal branch of the square root with a branch
cut along the negative real-axis. We note that the kinetic-ion-
related terms from Eqns. (12) and (14) match with the ex-
pressions given in Appendix A of Ref. 43 – corrected for the
typo J2

j,∥ ↔ J2
j,⊥ that was recently also identified by Ref. 86

– in the case of σγ = +1, consistent with their use of the
original BDR approach to integrate the resonant denominator.
Meanwhile, the trapped-electron-related terms in Eqns. (12)
and (15) match with Eqn. (25) of Ref. 70 in the case of
σγ σde = +1. Here, this discrepancy is caused by the use in
Ref. 70 of the integral representation of the plasma dispersion
function

Z(ζ ) =
1√
π

∞∫

−∞

exp
(
−z2

)

z−ζ
dz iff Im[ζ ]> 0 (16)

as defined by Fried and Conte87, though this representation
suffers from the restriction that it is only valid in the upper
half-plane, unlike the definition in terms of a scaled Fad-
deeva function used throughout this work, which is valid
throughout the complex plane85. In the context of Laplace-
Fourier transform for the distribution function and potential
fluctuations the plasma dispersion function is commonly an-
alytically continued to extend application of Eqn. (16) to
damped fluctuations42,88,89. However, we omit such an ap-
proach in this work as the resulting damped fluctuations do
not correspond to pure eigenmodes of the collisionless lin-
ear gyrokinetic system, which contradicts our prior fluctua-
tion ansatz of ξ (x, t) ∝ ξ (x)e−iωt for all fluctuating quanti-
ties (though striclty speaking this restriction would be lifted

in the limit of a weakly collisionless system, which does sup-
port proper damped eigenmode solutions90). Meanwhile, pure
damped eigenmodes of the linear collisionless gyrokinetic
system do exist and are known to play an important role in
turbulence saturation through nonlinear interactions91,92, and
are hence of interest to model. Regardless of the approach
taken to model damped fluctuations, the validity constraint of
Eqn. (16) is nonetheless restrictive in the accurate modelling
of unstable modes – which is the main use case of the model
in Section IV – for among the various trapping wells along
the field line the bounce-averaged trapped-electron drift, ap-
pearing in the argument of the plasma dispersion function in
Eqn. (15), will change its sign in some regions. This influence
of the magnetic drift on the validity plasma dispersion func-
tion is often disregarded, though noticeable exceptions are the
work from Ref. 89, which considers a similar sign gener-
alisation of Z(ζ ) = σZ(σζ ) where σ = sgnIm[ζ ] in the con-
text of ITG modes, and the TEM model recently developed by
Ref. 93 where the role of sgnωT

de (equivalent to ε in their no-
tation) has been accounted for in the evaluation of the plasma
dispersion function, though their TEM model neglects the role
of kinetic ions and is limited to geometry of shaped tokamaks.

Additionally, we note that using our form of the plasma dis-
persion function as in Eqn. (15), is crucial to satisfy the funda-
mental property that the trapped-electron energy integral Itr-el
[see Eqn. (A10)] is complex-conjugate symmetric, i.e. it has
the property that Itr-el(ω

∗) = [Itr-el(ω)]∗, with ∗ denoting the
complex conjugate, as can readily be proven using the symme-
try property of the Faddeeva function85 W (ζ ∗) = [W (−ζ )]∗.
Similar considerations regarding complex-conjugate symme-
try also hold for the resonant ion velocity integrals, i.e. the
first term in square brackets in Eqn. (12).

Lastly, before continuing with presenting the global dis-
persion model, we briefly remark about the influence of
transit resonances due to the streaming term in the gyroki-
netic Vlasov equation [Eqn. (3)]. One particular analyti-
cally tractable case, is that of a plasma in a constant and
unsheared magnetic field. In such a slab geometry fluctua-
tions do not resonate with the magnetic drift frequency, but
may resonate with the transit frequency ω ≈ ωts = k∥vT s

where k∥ = 2π/L∥ is the wavenumber of fluctuations aligned
with the magnetic field. For completeness the derivation of
the dispersion relation belonging to such slab-ITG modes
is presented in Appendix B, and can be similarly expressed
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7

in terms of the sign generalised plasma dispersion func-
tion as occur in our prescription of the trapped-electron res-
onant integral Eqn. (15). In literature the effect of tran-
sit resonances on the curvature-driven, i.e. toroidal, ITG
mode is often modelled by modifying the resonant denomi-
nator in Eqn. (7) to 1/(ω −ωds − k∥v∥) creating quasi-local
models42,81,82,84,88,94,95. While forming a perfect analogy to
the slab-branch of ITG instability, it should be noted that the
use of a parallel wavenumber is formally ill-founded as the ge-
ometry is varying along the field line, and such a k∥ should be
considered as an ad-hoc effective parallel wavenumber meant
to heuristically reincorporate the effects of Landau resonances
in a toroidal system, while a proper inclusion of streaming ef-
fects in a toroidal system requires k∥ to be considered as the
streaming operator.

B. Global dispersion relation

We now turn our attention to a problematic issue in the local
dispersion relation, which makes Eqn. (12) inadequate for ob-
taining meaningful eigenfrequencies in toroidal geometry. If
we consider a location along a field line in close proximity of
Bmax, the trapped-electron response will vanish and Eqn. (12)
reduces to the form Dlocal = h(ω,{geo},{plasma}, lmax)×
φ̂(lmax) = 0, where lmax is one of the positions along the
field line where the B(l) = Bmax, which has either the triv-
ial solution that the eigenmode must vanish at lmax consis-
tent with an instability driven solely by trapped electrons,
or we obtain a family of purely local eigenmode solutions
ω(lmax) determined by the plasma composition and local ge-
ometry at lmax. In the class of (approximately) omnigeneous
devices of interest for fusion applications, there will be mul-
tiple equivalent magnetic maxima, all spread equidistantly
along the field line96,97. However, in the presence of finite
global magnetic shear dq

/
dψ , the perpendicular wavevec-

tor k⊥ is secular (i.e. increasing along the field line with-
out bound)33,98, resulting in neither the FLR damping nor the
magnetic drift being equivalent between these magnetic max-
ima. Consequently, this local family of eigenfrequency solu-
tions becomes disjoint between the various magnetic maxima.
This problem is further exacerbated in the limit of the adia-
batic electron model, in which case the trapped-electron con-
tribution to Eqn. (12) vanishes altogether, propagating the lo-
cality issue to all points on the field line as Dlocal = 0 reduces
to h(ω,{geo},{plasma}, l) = 0, yielding purely local eigen-
frequency solutions ωlocal(l) determined solely by the local
geometry. The variation of these local solutions can be quite
significant, even in the axisymmetric limit where the connec-
tion length – proportional to the characteristic length scale
of variation in the geometry along the field line – is much
larger than in a typical stellarator33, see Figure 1. The inter-
play between toroidal curvature drive from the magnetic drift
and damping due to FLR effects is clear, with the local propa-
gation frequency ωR adjusting itself to the profile of the mag-
netic drift to maximise the resonance ωR ≈ ωdi in the thermal
bulk of the distribution, whilst the local growth rate decreases
as ∥k⊥∥ increases away from θ = 0 (corresponding to the out-
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FIG. 1: Variation along the magnetic field line of the
normalised local eigenfrequency ωlocal(l) solution to Eqn. (9)
in the adiabatic-electron limit, for a toroidal ITG instability

characterised by radial and bi-normal wavenumbers
kxρss = 0,kyρss = 0.3 driven by density and temperature

gradients of a/Lni = 2 and a/LT i = 4, respectively, in the flux
tube of the DIII-D tokamak considered in this work (see

Section III). The plasma consists of only a single ion species
with Zi = 1 and Ti = Te. Contrasted against the

eigenfrequency (solid lines; split into growth rate and
propagation frequency) are the variation of the magnetic
geometry (dashed lines) focussing on the magnetic field

strength in blue, the magnitude of the normalised
perpendicular wavevector in green and the bi-normal

component of the ∇B drift operator (see Section III A) in
maroon. For reference, the corresponding eigenfrequency

obtained by GENE is ωa/cs =−0.048+0.182i, being within
the extremes of the local solutions.

board midplane) due to FLR damping. The growth rate even-
tually vanishes (asymptotically) as the magnetic drift changes
sign around θ ≈ ±0.85π , thus locally rendering ion diamag-
netic drift waves, as characterised by ωR ∼ ω∇ni < 0 under
conventional radially peaked profiles, stable against magnetic
drift resonances.

Clearly, such a collection of local solutions to the eigen-
frequency are incompatible with the fundamental notion of
an eigenmode, whose characteristics should be a global sys-
tem property set by the overall magnetic configuration. This
discrepancy between local and global solutions is a conse-
quence of the frequency ordering Eqn. (6), which results
in the streaming term of the gyrokinetic Vlasov equation
[Eqn. (3)] being neglected for ions, resulting in purely lo-
cal solutions for the non-adiabatic part of the perturbed ion
distribution function Eqn. (7). Without the effect of particle
streaming, the adiabatic electron dispersion relation Dlocalae =
h(ω ,{geo},{plasma}, l)φ̂(l) formally has an eigenfunction
basis consisting of Dirac delta functions (φ̂ ∼ δ (l − l0))70,
which violate the underlying assumption that the eigenmodes
are characterised by a long-scale variation along the field
lines. The streaming term provides the necessary regularising
effect on the admissible eigenfunctions, as it introduces non-
local (along the field line) physics to the dispersion relation.
When kinetic electrons are reintroduced, such regularisation is
naturally provided by the bounce-average operator, resulting
in an integral problem necessitating self-consistent solutions
for φ̂(l) as well-behaved smooth functions. In the adiabatic-
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8

electron limit, however, non-local effects can be re-introduced
by not completely neglecting the influence of particle stream-
ing, but considering an asymptotic expansion in ωti/ω ≪ 1
for the ion gyrocenter distribution, to which Eqn. (7) would be
the leading zeroth-order term, resulting to lowest order in an
O
(
(ωti/ω)2

)
correction to the dispersion relation which intro-

duces differential operators acting on φ̂(l), providing the nec-
essary regularising non-local effects33,71. As this ion sound
term is formally only O

(
(ωti/ω)2

)
, its effects are negligible

compared with the regularlising influence introduced by the

bounce-averaged trapped electrons when kinetic electrons are
retained70.

Here we propose an alternative approach to reintroduce
non-local effects along the field line to the electrostatic dis-
persion relation, which equally applies to the adiabatic and
kinetic treatments of the electrons. We construct our global
dispersion relation by multiplying by φ̂/B(l) and integrating
along the entire field line, which facilitates a variational prin-
ciple as is shown below, yielding

Dglobal(ω ,kψ ,kα ,{geo},{plasma}) =
∫

dl
Dlocal(ω,k⊥,{geo},{plasma}, l)φ̂

B
=

(

1+∑
j

Z2
j n j

ne

Te

Tj

)
∫

dl
φ̂ 2

B

−∑
j

Z2
j n j

ne

Te

Tj

∫

dl
hion, j(ω,k⊥,{geo},{plasma}, l)φ̂ 2

B
−

1/Bmin∫

1/Bmax

dλ ∑
wells(λ )

Ktr-el,well(ω,k⊥,λ ,{geo},{plasma})φ̂
2

wellL
eff
well (17)

where we have reversed the order of integration over pitch an-
gle and field line for the trapped-electron contribution. The
summation takes into account the different disconnected trap-
ping wells for a given pitch angle λ along the field line, which
corresponds to the various (non-equivalent) populations of

trapped particles, each with their intrinsic bounce-average

φ̂ well =

lb,well∫

la,well

dlφ̂(l)√
1−λB(l)

lb,well∫

la,well

dl√
1−λB(l)

≡

lb,well∫

la,well

dlφ̂(l)√
1−λB(l)

Leff
well

,

where l{a,b},well are the successive bounce-points of a mag-
netic well, now formally defined as each simply connected re-
gion along the field line where B(l)≤ 1/λ is satisfied, and we
have introduced Leff

well as the effective arc-length of each well,
which defines the bounce time as τwell

b = Leff
well/∥v∥. In writing

Eqn. (17), we have introduced the short-hand notations for the
resonant integrals (with explicit dependencies suppressed)

hion, j =Γ0(b j)−
ω∇n j

− 3
2 ω∇Tj

ω
J
(0)
j +

ω j,∇B −ω∇Tj

2ω
J
(2)
j,⊥+

ω j,κ − 1
2 ω∇Tj

ω
J
(2)
j,∥ ,

Ktr-el =
1
2
+

3
4

ωT
de(λ )−ω∇Te

ω
J
(2)
tr-el −

ω∇ne − 3
2 ω∇Te

2ω
J
(1)
tr-el,

(18)

which respectively provide the kernels for the normalised
fluctuating ion number density and trapped-electron pitch-
angle density.

Analogous approaches for considering global geometric
effects have been considered ranging from perturbative ap-
proaches to include the effect of the TEM precession reso-
nance on the eigenmode frequency12,21,74,99–101, energy bud-
get analyses to determine stability properties25,47,48,102 and
general instability limits103,104, to obtaining quadratic forms

of the dispersion relation which closely resemble a traditional
variational formalism12,48,49,105–107 as commonly used in e.g.
reduced transport models based on quasilinear mixing-length
approaches in tokamaks108,109. Here, however, in light of re-
cent findings from Ref. 110, we deviate from the latter cate-
gory of aforementioned works by multiplying with φ̂ rather
than φ̂ ∗, which as shown in Ref. 110 is formally required
to properly render the non-Hermitian gyrokinetic Vlasov-
Maxwell system variational. The exact variational aspect of
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Eqn. (17) for the approximate Vlasov-Poisson system consid-
ered here, as well as its violation if one were to formulate
Dglobal by multiplying with φ̂ ∗ instead is proven momentar-
ily. First, however, we remark that our work can thus be re-
garded as both a correction and an extension to the work from
Refs. 48 and 49, where variational approaches for electrostatic
drift waves have been previously generalised to stellarator ge-
ometry, though only applied in the high-frequency limit where
the drift resonances are expanded in a ωds/ω ≪ 1 limit, and
the variational form is constructed by multiplying the disper-
sion relation with φ̂ ∗ instead. Additionally, we emphasise that
this correction we propose is strictly only necessary for a vari-
ational approach and does thus not demerit any of the other
approaches mentioned above which introduce global geomet-

ric effects based on a multiplication by φ̂ ∗.
Adopting the notation of the aforementioned works, we

consider Eqn. (17) as a functional Dglobal(ω)→ S[ω, φ̂ ] where
we suppress the dependence on other fixed quantities. Within
the framework of the trapped-electron model, where admissi-
ble self-consistent eigenmodes are characterised by Dlocal =
0, it follows that S[ω0, φ̂0] = 0 for the same frequency-
eigenmode pair (ω0, φ̂0). If the mode structure were to be
perturbed φ̂ → φ̂0 + δ φ̂ , then the mode frequency will nec-
essarily change according to ω → ω0 + δω so that S[ω0 +
δω, φ̂0 +δ φ̂ ] = 0, and consequently ∆S = 0 to all orders in δ .
Let us now consider some arbitrary ω and φ̂ , and require the
functional S to be stationary under small perturbations such
that

δS = 0 =

(

1+∑
j

Z2
j n jTe

neTj

)
∫

dl

B
2φ̂δ φ̂ −∑

j

Z2
j n jTe

neTj

∫
dl

B

(

2hion, j(ω, l)φ̂δ φ̂ +
∂hion, j

∂ω
δωφ̂ 2

)

−
1/Bmin∫

1/Bmax

dλ ∑
wells(λ )

Leff
well

(

2Ktr-el,well(ω,λ )φ̂ well δ φ̂ well +
∂Ktr-el,well

∂ω
δωφ̂

2

well

)

(19)

and consequently ∆S ∼ O
(
δ 2
)
. The vanishing of the right-

hand side of Eqn. (19) requires that the derivatives of the ker-
nels Eqn. (18) exist despite sharp resonances in the velocity
integrals. Both ∂hion, j

/
∂ω and ∂Ktrel,well

/
∂ω are well de-

fined and finite provided that ω is sufficiently far away from

marginality (γ = 0), such that σγ = sgnIm[ω] remains fixed
during the variation ω → ω + δω , which is slightly stricter
than the validity condition for Eqn. (11), which guarantees the
existence of the ion- [Eqn. (14)] and electron velocity integrals
[Eqn. (15)]. The frequency modification is then obtained from
Eqn. (19) and reads

δω =

2× ∫ dl
B

δ φ̂

[(

1+∑ j

Z2
j n jTe

neTj

(
1−hion, j

)
)

φ̂ −B
1/B∫

1/Bmax

dλ φ̂√
1−λB

Ktr-el

]

∑ j

Z2
j n jTe

neTj

∫ dl
B

∂hion, j
∂ω φ̂ 2 +

1/Bmin∫

1/Bmax

dλ ∑
wells(λ )

Leff
well

∂Ktrel,well
∂ω φ̂

2

well

≡ 2A[ω,δ φ̂ , φ̂ ]

C[ω , φ̂ ]
(20)

where we have unravelled the sum over the various mag-
netic wells back into a field line integral by changing the
order of integration in the numerator and introduced two
new functionals for notational convenience. Note that these
emergent functionals can be written succinctly in terms
of the local dispersion relation [Eqn. (12)] as C[ω, φ̂ ] =
−∫ dl (φ̂ δDlocal[ω, φ̂ ]

/
δω )/B = − δDglobal[ω, φ̂ ]

/
δω and

A[ω,δ φ̂ , φ̂ ] =
∫

dl δ φ̂Dlocal[ω, φ̂ ]/B, where δ f
/

δg denotes
the functional derivative and we require C[ω, φ̂ ] ̸= 0. We
note that upon replacing the kernel functions [Eqn. (18)] by
their non-resonant expansions [Eqns. (D3) and (D7) for hion, j
and Ktr-el, respectively] and assuming the absence of impu-
rities, Eqn. (20) almost reduces to the variational form in

Ref. 48 where δω = 2A[ω,δ φ̂ , φ̂ ]/C[ω,
∣
∣φ̂
∣
∣] is obtained. In

the aforementioned work, however, not only was the dis-
persion relation multiplied by φ̂ ∗, but φ̂ and φ̂ ∗ were not
considered as separate variables when constructing δS, as
formally required in e.g. analogous variational formulations
of quantum mechanics, where the Hermitian nature of the
Schrödinger equation facilitates the construction of a La-
grangian density in terms of the wavefunction and its com-
plex conjugate111–113. If one would propagate this ratio-
nale to the non-Hermitian gyrokinetic Vlasov-Poisson sys-
tem under consideration here, one would instead have ob-
tained δω =

(
A[ω,δ φ̂ ∗, φ̂ ]+A[ω ,δ φ̂ , φ̂ ∗]

)
/C[ω, |φ |] for the

frequency variation if the functional were constructed by mul-
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tiplying the local dispersion relation [Eqn. (9)] with φ̂ ∗ instead
of φ̂ .

We now state our variational principle: it follows that δω =
0 when A[ω,δ φ̂ , φ̂ ] = 0, whilst simultaneously A[ω,δ φ̂ , φ̂ ] =
0 if (ω, φ̂)→ (ω0, φ̂0) are a proper frequency-eigenmode pair
solving the local dispersion relation [Eqn. (12)]. Conversely,
if δω = 0 for all variations δφ , then Eqn. (12) must be sat-
isfied by the (ω, φ̂ ) pair under consideration. Hence, in a lib-
eral sense, this resembles a conventional variational principle.
If Eqn. (17) were defined by multiplication with φ̂ ∗ instead,
then δω = 0 would require A[ω,δ φ̂ ∗, φ̂ ] = −A[ω,δ φ̂ , φ̂ ∗],
whilst a proper frequency-eigenmode pair (ω0, φ̂0) would sat-
isfy A[ω0,δ φ̂ ∗, φ̂0] = 0 ̸= A[ω0,δ φ̂ , φ̂ ∗

0 ], since the eigenmode
φ̂ ∗ would correspond to a different eigenfrequency as a result
of the due non-hermiticity of the gyrokinetic Vlasov-Poisson
system, thus breaking down the variational principle.

This variational formalism of Eqn. (17) is only applica-
ble when the effect of kinetic electrons is included such that
Eqn. (12) is a properly regularised integral problem. If, how-
ever, we consider Eqn. (17) in the context of the adiabatic-
electron model, it follows that a root of Dglobal provides an

frequency-eigenmode pair (ω̃, ˜̂φ) with a suitable eigenmode
˜̂φ ̸= δ (l − l0) and a global eigenmode frequency ω̃ . Whilst
this frequency-eigenmode pair does not solve Dlocal = 0 –
and therefore ω̃ deviates from ωlocal(l) – it provides a mea-
sure of the overall instability drive to the mode as a re-
sult of FLR damping and the distribution of good- and bad-
curvature regions along the field line. In the adiabatic-electron
limit, one may therefore instead interpret Eqn. (17) not as
being variational, but as an eigenmode-weighted average of
Dlocal along the field line. Electrostatic instabilities within the
intermediate-frequency regime considered here, see Eqn. (6),
always have eigenmodes of the electrostatic potential lo-
calised within regions of bad curvature102. Weighting the lo-
cal dispersion relation by an appropriate φ̂ informed about
mode localisation physics, as e.g. obtained from first princi-
ples by considering the effect of ion sound dynamics or data-
driven proxies, will thus result in a stronger influence of the
bad-curvature regions on the global dispersion relation, result-
ing in global eigenfrequencies with Im[ω̃] > 0. Therefore,
for now, we shall consider Eqn. (17) as an ad-hoc means to
introduce non-local effects to the dispersion relation in the
adiabatic-electron limit, and verify a posteriori that the ob-
tained eigenfrequencies from this method are in agreement
with linear gryokinetic simulations.

III. GYROKINETIC SIMULATION SETUP AND
DISPERSION RELATION SOLUTION STRATEGY

In order to test the validity of the global dispersion re-
lation Eqn. (17), we perform linear gyrokinetic simulations
with the flux-tube version of the GENE code5. These simu-
lations allow us to assess the ability of Eqn. (17) to describe
(toroidal) ITG and TEM by using the GENE linear eigenfunc-
tions as a guess for φ̂ . As these eigenfunctions are exact to
within convergence precision, formally δ φ̂ = 0, and ergo from

Eqn. (20), it follows that δω = 0. Consequently, any devia-
tion between the eigenfrequency of GENE simulations and the
roots of global dispersion relation [Eqn. (17)] should there-
fore be directly attributable to missing physics in our model.
Whilst the variational principle only strictly holds for TEMs,
the same approach allows us to erify the ad-hoc applicability
of Eqn. (17) to describe adiabatic-electron ITGs. A similar
approach for verifying the variational principle has been con-
sidered in Ref. 107 for KBMs.

A. Geometric considerations for flux-tubes

In the flux-tube approach114, the equilibrium gradients are
considered fixed as the simulation domain is typically limited
to a perpendicular extent of a few tens of (ion) gyroradii – thus
making the approach valid for systems with small ρ∗ = ρ/a –
whilst extending along a magnetic field line for Npol poloidal
turns. Consequently, the magnetic geometry, which is pre-
dominantly determined by ∇B, only varies along the field
line, as the salient geometric features only change over macro-
scopic length-scales. In order to capture the anisotropy of the
fluctuations with respect to the alignment of the a magnetic
field, a (non-Cartesian) coordinate system (x,y,z) is adopted

x = Lref
√

s, y = Lref
√

s0α/q0, z = θ (21)

where s = Φ/Φedge is the normalised toroidal magnetic flux
function, Lref denotes the macroscopic normalisation length
scale (typically taken to be the minor radius), s0 indicates
the radial position position at the centre of the flux tube,
q = dΦ

/
dψ and q0 is a short-hand notation for q(s0). As

a result of Eqn. (21), the magnetic field within the flux tube
is characterised by B = Bref(x)∇x ×∇y, with Bref a refer-
ence magnetic field strength as determined by the MHD equi-
librium such that ψedge = Brefa

2/2, therefore rendering z as
the field-aligned coordinate, which is taken to be the poloidal
angle. Periodic boundary conditions are enforced across
the perpendicular domain, while a twist-and-shift boundary
condition115,116 is applied along z:

φ̃kx,ky
(z, t) = φ̃kx+p∆kx,ky

(z+2π pNpol, t)C̃
p
ky (22)

where φ̃kx,ky
represents a perpendicular Fourier mode of the

electrostatic potential, p ∈ Z, ∆kx = 2πNpolŝky with ŝ =

dlnq
/

dlnx
∣
∣
x=x0

being the global magnetic shear, and C̃ky
is a

phase factor with
∣
∣C̃ky

∣
∣= 1. Whilst Eqn. (22) explicitly shows

the application of the twist-and-shift boundary condition for
the electrostatic potential, the same rule is applied to all fluc-
tuations. Although this twist-and-shift boundary condition is
formally incorrect in stellarators due to the general lack of pe-
riodicity in the magnetic geometry after Npol poloidal turns,
reasonably accurate results can be obtained if the parallel ex-
tent of the flux tube is large enough such that the modes ex-
perience the proper drive and damping mechanisms as set by
the real geometry over a turbulent correlation length115,116.

In terms of these flux-tube coordinates, the relevant ge-
ometric quantities in the linear gyrokinetic Vlasov equation
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[Eqn. (3)] can all be computed from the elements of the corre-
sponding contravariant metric tensor117–119 gnm =∇xn

·∇xm,
where {x1,x2,x3} = {x,y,z}. In particular, the perpendicu-
lar wavenumber ∥k⊥∥ can be computed from Eqn. (10) un-
der the substitution ψ → x and α → y, while the parallel
derivative follows as ∇∥ = 1/(

√
gBN)

∂
∂ z

, where BN = B/Bref
represents the normalised magnetic field strength and

√
g =

((∇x×∇y) ·∇z)−1 is the determinant of the metric ten-
sor. Meanwhile the geometric component of the ∇B drift is
given by (eb × lnB) ·k⊥ = kxLx + kyLx in terms of the drift-
operators

Lx =−
(

∂BN

∂y

∣
∣
∣
∣
x,z

+
γ2

γ1

∂BN

∂ z

∣
∣
∣
∣
x,y

)

Ly =
∂BN

∂x

∣
∣
∣
∣
y,z

+
γ3

γ1

∂BN

∂ z

∣
∣
∣
∣
x,y

(23)

where γ1 = gxxgyy − (gxy)2, γ2 = gyzgxx − gxzgxy and γ3 =
gxzgyy −gxygyz. Analogously, the geometric component of the
curvature drift can be written as (eb ×κ) ·k⊥ = kxKx+kyKy.
Since the curvature vector can be expressed as120

κ =∇⊥lnB+2β∇ ln p, (24)

it follows, due to the assumed existence of isobaric flux sur-
faces, that the drift-operators for the curvature drift are Kx =
Lx and Ky = Ly +(dβref

/
dx )/(2BN), where βref is the nor-

malised total plasma pressure with respect to magnetic pres-
sure of Bref.

B. Description of geometries and simulation parameters

In order to assess the capabilities of the global dispersion
model Eqn. (17) to describe ITG and TEM instabilities in
arbitrary toroidal geometry, we compare against gyrokinetic
simulations in a variety of realistic configurations of existing
devices. The flux-tube geometry information is generated by
the Geometry Interface for Tokamaks and Stellarators (GIST)
code118 from the magnetic equilibrium of each configuration.
For each device we perform GENE simulations using a sin-
gle flux-tube, which is sufficient to capture all salient geo-
metric features on a tokamak flux surface. For the stellarator
configurations, we choose the so-called bean flux tube – cor-
responding to the flux tube where the bean-shaped poloidal
cross-section is intersected at the out-board midplane – which
for both HSX75 and W7-X121,122 tends to be the most unsta-
ble flux tube. The global (i.e. MHD) geometric parameters
determining the flux-tube domain for each of the considered
magnetic configurations are shown in Table I. Note that all
flux tubes are centred at a normalised radius of s0 = 0.5, cho-
sen to be sufficiently far radially outward to have both ap-
preciable gradients as well as an appreciable trapped-electron
fraction, with the exception of the TCV flux tubes. These are
placed more radially outward at s0 = 0.774 where the effects
of triangular shaping of the last closed-flux surface are more
discernable123,124, resulting in flux tubes characterised by lo-
cal triangularities of δ (s0) ≈ ±0.2. For consistency with the

electrostatic approximation, all flux tubes correspond to vac-
uum configurations of their respective devices.

As discussed in Section III A, a flux tube spanning a sin-
gle poloidal turn contains all essential geometry information
for a tokamak, however, for stellarators, Npol has to be chosen
carefully such that the modes experience a sufficient amount
of the physical driving and damping forces set by the real ge-
ometry, as opposed to the artificial geometry generated by the
twist-and-shift boundary condition (see Section III C on this
matter). In previous studies, flux tubes spanning Npol = 1 and
Npol = 4 poloidal turns have been found to be sufficiently long
for W7-X115,121 and HSX116, respectively, as are also consid-
ered for the flux tubes used in this work.

For both ITG and TEM we perform linear initial-value
GENE simulations for a variety of scenarios, with gradients
chosen to be sufficiently away from marginality to guaran-
tee that both the integral transformation of Eqn. (11) and the
conditions for the variational property of the model are ex-
pected to hold. First, to focus on the relevant ITG physics, we
perform adiabatic-electron simulations at fixed density gradi-
ent a/Ln = 2 while varying the temperature gradient a/LT i =
[3,4,5,6], where 1/LT s =− dlnTs

/
dx is the inverse tempera-

ture gradient scale length of species s, with an analogous def-
inition for 1/Lns, defined such that LT s,Lns > 0 for centrally
peaked profiles. At low concentrations, the presence of impu-
rities in the plasma results in dilution effects that weaken the
ITG instability, see Ref. 125 and references therein. These di-
lution effects are due to ambipolarity, i.e. quasi-neutrality for
the equilibrium density profiles, which, assuming the electron
density profile to be fixed to focus on impact of impurities,
limits the main ion density and its gradient to

ni

ne
= 1−∑

imp

Zimp

Zi

nimp

ne

Lne

Lni
=

1−∑imp Zimp
nimp
ne

Lne
Lnimp

1−∑imp Zimp
nimp
ne

(25)

where we have explicitly split the sum over ion quantities into
the main species and impurities. From Eqn. (25) it is evident
that the ion concentration decreases as the impurity concen-
tration increases, leading to a decrease in resonant popula-
tion for ITGs. The presence of impurities can also modify
the ITG drive by either enhancing or reducing the ion density
gradient with respect to the (nominal) electron density gradi-
ent, depending on the shape of the impurity density profile
with respect to the electron density profile. This trend in en-
hancement/reduction of linear drive depending on the shape of
the impurity density profile has also recently been reported to
carry over to turbulent heat fluxes in nonlinear simulations126.
Lastly, when the impurity concentration becomes significantly
large, an impurity-driven ITG may emerge as the dominant in-
stability. For all simulations in this paper, we consider fully
ionised carbon C6+ as the only impurity species, such that the
effective charge Zeff = ∑ j Z2

j n j/ne together with the impurity
and electron density gradients fully determine the ion quanti-
ties through Eqn. (25). We perform two sets of simulations at
fixed nominal gradients of a/Lne = 2, a/LT i = a/LT C = 4,
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TABLE I: Global geometric parameters that determine the flux-tube coordinate system Eqn. (21) for the various geometries.

DIII-D TCV δ+ TCV δ− HSX W7-X (hm) W7-X (nm)
s0 0.5 0.774 0.774 0.5 0.5 0.5
q0 2.566 1.052 1.052 0.941 1.102 1.135
ŝ 1.579 0.705 0.705 -0.046 -0.129 -0.141

Npol 1 1 1 4 1 1

one scanning over Zeff = [1.2,1.4, . . . ,2] while considering
a/LnC = 2 – such that Eqn. (25) implies a/Lni = 2 as well
– to isolate the density dilution effect, and one scanning over
a/LnC = [−4,−2, . . . ,6] at fixed value of Zeff = 1.4 to iso-
late the effect of density gradient dilution. In present-day ex-
periments, values of Zeff ≈ 1.4-1.6 are commonly observed
in devices with a carbon wall127–130, though higher values of
Zeff > 2 are achievable through deliberate impurity seeding, as
will be the case for future reactor-scale devices131,132. Addi-
tionally, realistic impurity density profiles typically tend to be
flat (a/LnC = 0)128, though hollow impurity profiles with an
off-axis peak have also been observed in both tokamaks129,133

and the Large Helical Device stellarator134.
Secondly, in simulations including kinetic electrons we ob-

tain TEMs by considering artificial profiles with finite density
and (optionally) electron temperature gradient, but a vanish-
ing ion temperature gradient ∇Ti = 0 to eliminate the possi-
bility of ITGs. This generates two datasets, one for density-
gradient-driven TEMs – where in addition we assume ∇Te =
0 as well – scanning over a/Ln = [1,2,3,4], and one where
we scan over a/LT e = [1,2, . . . ,6] at fixed a/Ln = 3 to probe
the predictive capabilities of the global dispersion model with
respect to electron-temperature-gradient-driven TEMs. Fur-
thermore, the inclusion of kinetic electrons also has an effect
on the ITG instability, hence we consider a third set where
we scan over a/LT i = [1,2, . . . ,6] in presence of a fixed den-
sity gradient a/Ln = 3, while assuming a vanishing electron
temperature gradient to limit the drive of TEMs in favour of
ITGs as the ion temperature gradient is increased. Lastly, a
fourth kinetic-electron dataset is considered based on realistic
profiles where both ion and electron temperature gradient are
finite and are separately modified to a/LT s → {1,5} with re-
spect to a nominal scenario of a/Ln = 3, a/LT i = 3,a/LT e =
3. For all simulations with kinetic electrons, impurities are
excluded.

For all simulations, we consider a deuterium plasma, with a
mass ratio of mi/me = 3670 when electrons are treated kinet-
ically, and assume Ti = Te, corresponding to reactor-relevant
fusion conditions. Whenever impurities are considered, we
assume thermal equilibrium between ion species, Ti = TC, due
to the fast collisional relaxation timescale between species
with similar mass128, which implies likewise that LT i = LT C,
as has been considered in all simulations including impuri-
ties. Similar assumptions regarding the impurity temperature
have been applied by e.g. Refs.62,126. For each scenario, we
scan over the bi-normal wavenumber kyρss = [0.1,0.2, . . . ,2]
and the driving gradient (or Zeff in case of impurities). The
ballooning space of modes has been centred at kx = 0, which
typically corresponds to the most unstable mode in axisym-

metric configurations135 as well as the bean flux tube in
stellarators75,121,122. For each scenario, we have performed
convergence tests in the number of grid points used to discre-
tise the velocity-space variables v∥ and µ as well as the total
extent of ballooning space as set by 2πNpolnkx at both extrem-
ities of the driving gradient to ensure that the eigenfrequencies
are converged within ≤ 5%. The resulting resolutions for each
configuration and scenario are shown in Table II.

C. Solving the global dispersion relation

In order to facilitate a direct comparison between the eigen-
frequencies obtained by the global dispersion relation model
and the linear gyrokinetic simulations we consider a sim-
ilar normalisation scheme as used in GENE. This entails
that macroscopic length scales such as equilibrium gradients
are normalised to Lref, whilst the microscopic perpendicular
fluctuation length scales are normalised to a reference gyro-
radius ρref = cref/Ωref, where cref =

√

Tref/mref and Ωref =
eBref/mref. Here we choose mref = mi and Tref = Te such that
ρref is the ion gyroradius at sound speed ρss (note the distinc-
tion from ρs – commonly used in literature as glyph to de-
note the ion gyroradius at sound speed22,31,57,122 – which we
already defined in Section II as ρs = ∥eb ×v/Ωs∥). Subse-
quently, all temperatures are normalised by Tref, masses by
mref, and densities by nref, the latter taken to be the elec-
tron density. Consequently, time scales are subsequently nor-
malised by Lref/cref, while the electrostatic potential is nor-
malised to e/Tref. By choosing Lref to coincide with minor
radius a, compatibility with the GIST code providing nor-
malised flux-tube geometry information is ensured. In terms
of these normalisations and the flux-tube coordinates from
Eqn. (21), the expressions for the various quantities appear-
ing in Eqns. (17) and (18) are summarised in Table III.

One key concern for the global dispersion relation model
is the geometry representation. Since we obtain the electro-
static potential from GENE simulations using the twist-and-
shift boundary condition, see Eqn. (22), we consider the ex-
tended ballooning representation of the eigenmode beyond
the original 2πNpol extent of the flux tube where geometric
quantities are defined, allowing us to consider only the ef-
fect of a kx = 0 mode with a vanishing amplitude

∣
∣φ̂(θ)

∣
∣→ 0

as |θ | → ∞, which is a required boundary condition on the
fluctuations in the ballooning formalism70. As this formalism
was used to obtain the gyrokinetic Vlasov equation [Eqn. (3)]
from which we derived our dispersion relation, it should be re-
spected, while the eigenmode amplitude is typically not van-
ishing at the flux-tube boundaries of |θ | = πNpol unless Npol
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TABLE II: Numerical resolutions for the GENE simulations for various geometries and drive-scenarios. The numbers in the
table correspond to the tuple (nkx,nz,nv,nµ) representing the number of radial Fourier modes included in the extended

eigenmode envelope, and the number of grid points used for the field-line following coordinate, the parallel velocity space and
the magnetic moment. Below “ae” denotes an adiabatic electron simulation, “ke” refers to a simulation with kinetic electrons,

whilst “full gradient” indicates that the effect of finite ion and electron temperature gradient drive are both included.

DIII-D TCV δ+ TCV δ− HSX W7-X (hm) W7-X (nm)
ae ITG (11,64,24,8) (21,64,32,12) (21,64,24,8) (21,512,24,8) (43,96,32,12) (43,128,32,12)

ae ITG + impurity (11,64,24,8) (21,64,48,16) (21,64,36,18) (21,512,24,8) (43,96,32,12) (43,128,32,12)
∇n-TEM (21,64,48,12) (33,64,64,12) (33,64,64,16) (31,512,48,18) (43,96,64,24) (33,128,64,24)

ke ITG (21,64,64,18) (33,64,48,12) (33,64,64,16) (21,512,48,18) (43,96,64,24) (43,128,48,18)
∇Te-TEM (21,64,36,8) (33,64,36,8) (33,64,48,12) (41,512,48,18) (43,96,48,18) (43,128,48,18)

Full gradient (21,64,64,18) (33,64,48,12) (33,64,48,12) (31,512,48,18) (43,96,64,24) (43,128,48,18)

TABLE III: Overview of normalised terms appearing in the global dispersion relation. Whenever applicable, the terms are
expressed in quantities related to the flux-tube coordinates Eqn. (21), and in terms of various geometric quantities defined in

Section III A.

dl Lref
√

gBdz/Bref

B Bref
√

gxxgyy − (gxy)2

b j

[
(kxρref)

2gxx +(kyρref)
2gyy +2kxkyρ2

refg
xy
]

m jTjB
2
ref/(Z

2
j B2Trefmref)

ω∇n j
−
[
kyρrefTjLref/(Z jTrefLn j

)
]

cref/Lref

ω∇Tj
−
[
kyρrefTjLref/(Z jTrefLTj

)
]

cref/Lref

ω j,∇B

[
TjBref

(
kxρrefLxLref + kyρrefLyLref

)
/(Z jTrefB)

]
cref/Lref

ω j,κ
[
TjBref

(
kxρrefKxLref + kyρrefKyLref

)
/(Z jTrefB)

]
cref/Lref

is large, hence necessitating a description of the geometry be-
yond its original domain. The geometry-related terms appear-
ing in Table III are therefore expanded in ballooning space
(see Supplemental Material) as

√
g(θ +2π pNpol) =

√
g(θ)

gxx(θ +2π pNpol) =gxx(θ)

gxy(θ +2π pNpol) =gxy(θ)+2π pNpolŝgxx(θ)

gyy(θ +2π pNpol) =gyy(θ)+4π pNpolŝgxy(θ)

+(2π pNpolŝ)
2gxx(θ)

B(θ +2π pNpol) =B(θ)

Lx(θ +2π pNpol) =Lx(θ)

Kx(θ +2π pNpol) =Kx(θ)

Ly(θ +2π pNpol) =Ly(θ)+2π pNpolŝLx(θ)

Ky(θ +2π pNpol) =Ky(θ)+2π pNpolŝLx(θ),

(26)

where p ∈ Z defines the extended ballooning angle as θp =
θ + 2π pNpol as related to the parallel boundary condition
[Eqn. (22)]. It should be noted that Eqn. (26) is formally
incorrect for stellarators, as the toroidal variation of the ge-
ometry has been neglected, resulting in discontinuities in e.g.
the drift-operators and ∥k⊥∥ proportional to the global shear,
though the consequences of this discrepancy on the linear
eigenmode properties are fairly benign115. A last geomet-
ric consideration is the calculation of the bounce-averages,
since the involved bounce-integrals are formally divergent as

one approaches the bounce-points. As we consider realistic
3D geometries, we cannot make use of analytical expressions
for trapped-particle precession as exist for tokamaks93,136.
Rather we use the specialised trapezoidal method developed
by Ref. 137 for these bounce-integrals with a 1/

√

f (x) singu-
larity.

In order to evaluate Dglobal(ω|kx,ky,{geo},{plasma}), the
ion integrals in Eqn. (14) are evaluated numerically, whilst the
analytical expressions for Eqn. (15) are used, except in mag-
netic wells where the bounce-averaged drift is close to vanish-
ing. In the latter case, the argument of the plasma dispersion
function diverges, which makes the analytical expressions ill-

defined. Hence, whenever
∣
∣
∣ω/ωT

de

∣
∣
∣ > 250 we use a cubic

asymptotic expansion [see Eqn. (D6))] for J
(1)
tr-el,J

(2)
tr-el instead.

Finally, in order to obtain the roots of Eqn. (17), we make use
of a quasi-Newton method employing a combination of the
so-called “good” Broyden algorithm138,139 with line search140

to allow for adaptive step-sizing. In order to guarantee con-
vergence of this method, both a good initial guess for both the
mode frequency and the Jacobian are necessary141–143. The
initial guess for the eigenfrequency is obtained by consider-
ing a high-frequency expansion of the ion- and electron res-
onant integrals of Eqns. (14) and (15) to approximate their
respective density kernels [Eqn. (18)]. Such a high-frequency
expansion can be made physically valid in the limit of strong
drive, which, as shown in Appendix D, yields to first order in
ωds/ω ≪ 1 a quadratic dispersion relation in the mode fre-
quency
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Dglobal(ω,kx,ky,{geo},{plasma})≈
(

1+∑
j

Z2
j n j

ne

Te

Tj

)
∫

dl
φ̂ 2

B
−∑

j

Z2
j n j

ne

Te

Tj

∫

dl
φ̂ 2

B

(

Γ0(b j)

[

1−
ω∇n j

ω
+

ω j,κ +ω j,∇B

ω

−
(
ω∇n j

+ω∇Tj

)
(ω j,∇B +ω j,κ)

ω2 +b j

ω∇Tj
ω j,∇B

ω2

]

+b j (Γ1(b j)−Γ0(b j))×
[

ω j,∇B

ω
−

ω∇Tj

ω
−

ω j,∇B

(
ω∇n j

+ω∇Tj

)

ω2 −
ω∇Tj

(ω j,κ +ω j,∇B)

ω2 +2b j

ω∇Tj
ω j,∇B

ω2

])

−
1/Bmin∫

1/Bmax

dλ ∑
wells(λ )

[

1
2

(

1− ω∇ne

ω

)

+
3
4

ωT
de,well

ω

(

1− ω∇ne +ω∇Te

ω

)]

φ̂
2

wellL
eff
well, (27)

where we have reflected the change to the flux-tube coordi-
nate system discussed in Section III A by denoting the radial
and bi-normal wavenumbers as kψ → kx and kα → ky, respec-
tively. In the limit of a single ion species, Eqn. (27) reduces to
the dispersion relation found in e.g. Refs. 48 and 49, where the
high-frequency expansion was directly applied to the resonant
denominators, i.e. 1/(ω −ωds) ≈ (1+ωds/ω)/ω . Addition-
ally, within the adiabatic-electron approximation, upon taking
the DK limit b j ≈ 0 and assuming the ions to be far from
marginality (ω∇Tj

/ω∇n j
≫ 1), the local equivalent, i.e. ne-

glecting the role of the
∫

dl φ̂ 2/B operator, of Eqn. (27) further
reduces to the dispersion relation model used to describe the
role of impurities on the ITG instability developed in Ref. 45.
Precomputing the geometry-dependent field-line and pitch-
angle integrals in Eqn. (27) allows for an analytical solution
for the approximate eigenfrequency ω , which maintains the
essential physics of instability drive by unfavourable mag-
netic drifts being balanced by FLR damping, as well as fre-
quency scalings proportional to the driving gradients. The ap-
proximate eigenfrequency obtained from the quadratic disper-
sion relation [Eqn. (27)] corresponding to an unstable mode is
used as an initial guess for root-finding. Meanwhile the initial
guess for the Jacobian is obtained using second-order finite
differences. It has been verified that using a regular Newton
method yields similar results at increased computational cost
due to the need to re-estimate derivatives at every iteration. In
cases where the root finding algorithm does not reach conver-
gence, a conventional grid-search approach is used instead to
solve the dispersion relation.

IV. DISPERSION MODEL VERSUS LINEAR
GYROKINETIC SIMULATIONS

In this section we present the main findings of the work
comparing the complex eigenmode frequency obtained by the
global dispersion model developed in Section II to the eigen-
frequency obtained from GENE simulations. For all results
presented in this section, the GENE eigenfunction of the elec-
trostatic potential is used as input to the model to test its varia-
tional nature according to Eqn. (20). The variational aspect of

the model with regard to the eigenfunction is further assessed
in Section V where rudimentary trial functions are used in-
stead. In all cases, a radial wavenumber of kx = 0 is consid-
ered, consistent with centering of ballooning space of eigen-
modes at kx = 0 in the simulations. Here we will focus on a
subset of results for the DIII-D tokamak, HSX stellarator and
high-mirror configuration of the W7-X stellarator only, with
the results for the remainder of geometries and scenarios listed
in Table II available in the Supplementary Material, which fur-
ther extend our validation to include geometric sensitivity ef-
fects due to differences in triangularity (for TCV cases) and
degree of maximum-J-ness (for W7-X cases), as well as addi-
tional scalings with respect to instability drive parameters.

The focus on these configurations allows us to cover both
realistic axisymmetric geometry with moderate shaping be-
yond circular cross-sections as relevant for exploitation of
higher fusion yields in ITER and beyond132, as well as
different classes of stellarators – quasi-helically symmetric
and approximately quasi-isodynamic for HSX and W7-X,
respectively – hence offering a wide range of salient ge-
ometric features that affect microinstability. Here, quasi-
isodynamicity refers to configurations where the contours of
∥B∥ are poloidally closed, and the second adiabatic invariant
J is constant on a flux surface, a key requirement for achiev-
ing a maximum-J configuration29,144. The most relevant ge-
ometric quantities in the HSX and the high-mirror configu-
ration W7-X flux tubes used in this work are shown in Fig-
ure 2, while those in the DIII-D flux tube geometry are dis-
played in Figure 1. Comparing geometries, we find qualitative
similarity between the arrangement of magnetic wells and re-
gions of unfavourable magnetic curvature, as characterised by
Ly < 0, between DIII-D and HSX, exemplifying axisymme-
try and quasi-helical symmetry, respectively145, whilst such
alignments are minimised in W7-X, corresponding to the key
feature of a maximum-J configuration145. While this feature
is only partially achieved by the vacuum field considered in
this work, the degree of maximum-J-ness generally increases
at higher β 32,146,147. The most striking difference between
the stellarator configurations and DIII-D is the magnitude of
the perpendicular wavenumber, defined as in Eqn. (10) under
substitutions {ψ,α} → {x,y} to match flux-tube coordinates
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FIG. 2: Flux-tube geometries for (a) the HSX stellarator and (b) high-mirror configuration of the W7-X stellarator showing the
variation of the magnetic field strength (blue), bi-normal component of the ∇B drift (maroon) and magnitude of the

perpendicular wavenumber (green) along the field line. In the latter we have taken kxρss = 0, kyρss = 0.3, such that a direct
comparison to ∥k⊥∥ρss in the DIII-D geometry from Figure 1 is facilitated. Note that the W7-X flux-tube spans only a single

poloidal turn, whereas the HSX flux-tube contains the geometric data of four poloidal turns.

used by GENE, which is an order of magnitude larger in the
latter case at the same bi-normal wavenumber. This can be at-
tributed to the significantly lower global shear ŝ for both stel-
larator configurations, resulting in a much weaker effect of the
secular term in the gyy component of the magnetic tensor.

We note that in our analytical theory, we prescribed a time
dependence of exp(−iωt), which results in a sign discrepancy
for the propagation frequency ωR between the analytical the-
ory from Section II and high-fidelity GENE simulations. In
what follows, we shall always adopt the GENE convention,
where ωR > 0 corresponds to propagation in the ion diamag-
netic direction, thereby inverting the sign of Re[ω] obtained
by the global dispersion model.

A. Adiabatic-electron density-dilution scenario

Here we present the scenario probing for the density di-
lution effect for the adiabatic-electron simulations including
C6+ as an impurity while varying Zeff, therefore simultane-
ously verifying the multi-species capabilities of the model
and testing the validity of the ad-hoc method of introducing
non-local effects along the field line by operating on the local
dispersion relation [Eqn. (9)] with

∫
dl φ̂/B in the absence of

a regularising trapped-electron term. Results for the driving
gradient scans in a/LT i (no impurity) and a/LnC can be found
in the Supplementary Material and show similar degrees of
agreement.

The results obtained for the Zeff scan with the global disper-
sion model are contrasted with GENE eigenfrequencies, and
are shown in Figure 3. A general trend observable across
all geometries is that both the growth rate and the propa-
gation frequency monotonically decrease as Zeff increases,
consistent with the dilution of the main-ion density. The
global dispersion model universally predicts larger growth
rates, which may be attributed to the lack of finite-transit ef-
fects which provide Landau damping. Since, at a given bi-
normal wavenumber ky, this overestimation is roughly con-
stant, it suggests that Landau damping could be heuristically
included as γ → γ − vT i/(

√
2L∥) where L∥ is the connection

length33. The larger discrepancies in the growth rate observed
in W7-X can in part be attributed to the shorter connection
length compared with typical tokamaks, where one commonly
estimates L∥ ≈ πqR7,33, where for the geometries considered
in Figure 3 one has L∥/(πqR) ≈ 0.84,0.2 and 0.12 taking
R = 1.67m, 1.21m and 5.5m for DIII-D, HSX and W7-X,
respectively, though this measure alone would predict worse
discrepancies than observed for HSX. It should be noted that
despite the quantitative discrepancies arising from the neglect
of parallel Landau damping, the model accurately captures
the qualitative trends – such as the non-monotonous disper-
sion of growth rates and better (worse) stability of both stel-
larator configurations with respect to DIII-D at long (short)
wavelengths – observed in the high-fidelity gyrokinetic simu-
lations where such effects are included. The propagation fre-
quency varies monotonically in DIII-D, whilst several mode
transitions, as indicated by non-monotonous behaviour in ωR,
occur in GENE simulations for both stellarator geometries,
where multiple unstable eigenmodes co-exist partly due to the
presence of multiple non-equivalent magnetic and drift wells.
These mode transitions are reproduced by the global disper-
sion model, though with greater accuracy in the propagation
frequency in HSX compared with W7-X. The corresponding
eigenmodes range from being broad in ballooning space at
the lowest wavenumbers to strongly ballooned around the out-
board midplane (θ = 0) for kyρss ⪆ 1. These extended eigen-
modes are a typical feature of low-shear stellarators, where
FLR suppression is weaker due to the limited role of the sec-
ularity in gyy, keeping ∥k⊥∥ small. These findings illustrate
the utility of adopting an extension of the flux-tube geometry
beyond its original 2πNpol domain using Eqn. (26) to describe
the drive of these broad eigenmodes by magnetic drift reso-
nances.

At first glance it may be surprising that the model
seems to predict the eigenfrequencies more accurately at low
wavenumber compared to high wavenumber, as the oppo-
site trend would be naïvely expected based on the underlying
ωti/ω ≪ 1 assumption, which is more easily violated at low
ky. This assumption deserves some additional scrutiny, since
it essentially weighs the relevance of parallel streaming effects
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with respect to mode drive arising from toroidal curvature
on the left-hand side of the gyrokinetic equation [Eqn. (3)].
Hence an equivalent, yet more direct geometry-based mea-
sure for the validity of the approximation would be that one
requires ωti/ωdi ≪ 1, elucidating a balance between the con-
nection length and radius of curvature of each device. In the
above measure, it should be kept in mind that ωti is merely
a proxy measure for −i(v∥∇∥ĝs)/ĝs and is thus not wholly
eigenmode-independent as would be implied by ωti ∼ vTi/L∥.
As the eigenmodes tend to become more strongly localised
towards the outboard midplane as ky increases due to FLR
damping, this enhances the role of the streaming term as a
result of the sharper parallel gradients with respect to low-
wavenumber modes. Hence, despite the fact that at a first
glance the the ωti/ω ≪ 1 assumption may be better satisfied
for the high-wavenumber, the observed discrepancies in the
ITG eigenfrequency predictions of the model are the result of
a more delicate balance between curvature drive, parallel Lan-
dau damping and FLR suppression.

Additionally, the results from the Zeff scan in Figure 3 and
the a/LnC scan in the Supplementary Material show that the
global dispersion solver is capable of predicting how the pres-
ence of impurities directly affects the absolute ITG growth
rates, which can be considered as an extension of the recent
perturbative impurity model from Ref. 45 which predicts the
relative modification to the ITG growth rates due to impuri-
ties.

B. Kinetic-electron scenarios

Here we present the result for both the a/LT e and a/LT i
gradient scans including kinetic electrons, while results for
the a/Ln scan (no temperature gradients) and non-synthetic
profiles with non-zero gradients for both species are shown
in the Supplementary Material. As the variational nature of
the model is retained when kinetic electrons are included,
these scenarios allow us to verify the variational property of
Eqn. (17), in both electron-dominated and ion-dominated sce-
narios.

Application to pure TEM case

First, we focus on the physics associated with the preces-
sion resonance by testing the model against GENE simulations
without an ion temperature gradient. Here, only TEMs are ex-
pected to emerge, and results for the a/LT e scan are shown in
Figure 4. The results for the density gradient scan of density-
gradient-driven TEMs in absence of both temperature gradi-
ents are shown in the Supplementary Material, which show
similar levels of agreement at high a/Ln, with agreement fur-
ther improving at smaller a/Ln.

Unlike in the adiabatic-electron case, there is no universal
overprediction of the growth rates across devices: Growth
rates are being slightly overpredicted in DIII-D for higher
wavenumbers (kyρss ⪆ 1.0) – though this overprediction de-
creases with increasing electron-temperature gradient – while
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FIG. 3: Eigenfrequency solutions of the global dispersion
relation model (solid lines) contrasted with GENE

simulations (symbols) for adiabatic-electron ITG in the
presence of C6+ impurities, while varying the impurity

concentration by modifying Zeff (darker colours indicate
larger impurity concentration). Shown are results for (a) the

DIII-D tokamak, (b) the HSX stellarator and (c) the
high-mirror configuration of the W7-X stellarator. In all

cases, a density- and temperature gradient of a/Lns = 2 and
a/LTs = 4, respectively, are considered for both deuterium

ions and the carbon impurity.

growth rates in HSX mostly match those from GENE simu-
lations, with exception of the cluster of modes appearing in
the low-wavenumber regime of kyρss = 0.2-0.5. Meanwhile
a consistent overprediction of growth rates persists in W7-X,
though the latter is less severe compared with the adiabatic-
electron ITG scenario. With regard to the propagation fre-
quency, the inclusion of kinetic electrons has lead to a deterio-
ration in the quantitative agreement between the global disper-
sion model and GENE simulations, with the disagreement be-
ing most pronounced in DIII-D, especially at larger wavenum-
ber, while the disagreement in both stellarator configurations
has only increased in low-ky region. Nonetheless, the perti-
nent qualitative trends of increasing destabilisation and down-
shift of propagation frequencies into the electron diamagnetic
direction as the electron temperature gradient increases are
reproduced by the global dispersion model. Obtaining per-
fect agreement between the model and simulation is, despite
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FIG. 4: Eigenfrequency solutions of the global dispersion
relation model (solid lines) contrasted with GENE

simulations (symbols) including kinetic electrons while
varying the electron temperature gradient a/LTe (lighter

colours indicate a stronger temperature gradient). Shown are
results for (a) the DIII-D tokamak, (b) the HSX stellarator

and (c) the high-mirror configuration of the W7-X stellarator.
In all cases, the density gradient is fixed at a/Ln = 3 whilst

the ion temperature gradient is suppressed (a/LT i = 0).

the use of exact eigenfunctions for the electrostatic potential
in the variational formalism, not expected since the passing
electrons have been assumed to be adiabatic in the model.

Analogous to the adiabatic-electron ITG case, we observe a
continuous propagation frequency for DIII-D, indicating that
the same eigenmode remains the dominant instability at all
scales, whereas mode transitions again occur in both HSX
and W7-X. The qualitative behaviour of ωR differs between
configurations, which is to be expected as the response of
trapped electrons to electrostatic fluctuations is strongly in-
fluenced by the details of the magnetic configuration in which
they are embedded. Note that despite the fact that in DIII-D
ωR changes from the electron diamagnetic direction to the ion
diamagnetic direction as ky is increased, the underlying insta-
bility is not in fact an ITG as temperature gradients are ab-
sent, but corresponds to a ubiquitous mode (UM)105, which is
an interchange-like instability non-resonantly driven by a cou-
pling between the pressure gradient with the ion magnetic drift
and bounce-averaged electron drift. As the electron tempera-

ture gradient is increased, the destabilising contribution from
the electrons to this mode is enhanced (with the latter scal-
ing as49 γ ∝

√
1+ηe, with ηs = ∥∇Ts∥/∥∇ns∥ the gradient-

length ratio of kinetic profiles for species s) causing the shift
of ωR to the electron diamagnetic direction. The TEM-UM
transition is characterised by the existence of a growth-rate
extremum between the drive from resonantly driven TEMs
and the non-resonant interchange drive of the UM, with the
transition point coinciding with the sign change of ωR in
the absence of temperature gradients105. As such a growth-
rate extremum is absent for the high-wavenumber modes for
a/LT e ≥ 4, these modes likely correspond to temperature-
gradient-driven TEMs, as supported by the stronger scaling
of the growth rate with the electron temperature gradient and
propagation frequencies that are persistently in the electron
diamagnetic direction, where resonances with the precession
drift are possible.

Much of the above discussion applies to the high-mirror
configuration of W7-X as well, where the majority of the
modes are found to propagate in the ion diamagnetic direc-
tion. These instabilities correspond to the so-called ion-driven
trapped electron mode (iTEM)49, which may be considered as
a general-geometry equivalent to UMs observed in tokamaks
which are predominantly driven unstable by interchange-like
drive from the ions. The existence of this instability, orig-
inally discovered through gyrokinetic simulations122, is at-
tributable to the (approximate) maximum-J property of this
configuration, which makes classical TEMs driven by reso-
nances with the trapped-electron precession drift (near) im-
possible. Though, originally this resilience of maximum-J
configurations to instabilities driven by the trapped-electron
precession drift was shown to hold up to at least25 ηe = 2/3,
it was later proven to persist for arbitrary electron tempera-
ture gradients49. This finding supports the fairly weak scaling
of the propagation frequency with a/LT e in W7-X compared
with DIII-D, despite the ηe = 2/3 threshold being exceeded.
The vacuum high-mirror configuration does not achieve ex-
act maximum-J, with the magnetic wells closer to the inboard
side having an overlap between regions of unfavourable curva-
ture (see Figure 2), and indeed, the low-wavenumber modes
are found to propagate in the electron diamagnetic direction
for kyρss ≤ 0.6 and correspond to conventional TEMs – with
the exception of the ky = 0.3 mode for a/LT e = 1 which cor-
responds to a different instability as discussed below – though
their destabilisation is weak. Likewise, as the configuration is
not exactly maximum-J, the electrons are expected to con-
tribute to the interchange-like drive of the iTEM, explain-
ing the stronger scaling of the eigenfrequency with a/LT e
for high-wavenumber modes. The fact that these qualitative
trends are observed in both the high-fidelity simulations as
well as in the global dispersion relation model, demonstrates
the substantial predictive capabilities of the latter.

The most striking differences between the model and GENE

simulations are observed in HSX. Whilst good agreement is
achieved at high wavenumber and the mode at kyρss = 0.1,
there is a strong discrepancy for the modes at kyρss = 0.2-0.5
which show a significantly stronger scaling of the eigenfre-
quency with a/LT e. The kyρss = 0.1 and high-ky modes cor-
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respond to conventional TEMs, as expected from the driving
gradients and the isomorphism of the equilibrium for a quasi-
symmetric stellarator and a tokamak, and scale similarly with
a/LT e as in DIII-D. The modes within the kyρss = 0.2-0.5 in-
terval are characterised by a unique range in ωR much larger
than those corresponding to TEMs at comparable wavenum-
bers, and are subject to strong destabilisation by the elec-
tron temperature gradient. These modes correspond to the so-
called universal instability (UI)47,56, which are characterised
by broad eigenmodes along the field line without preferen-
tial localisation to any geometric features, occurring typically
at long wavelength and low global shear ŝ, and are predom-
inantly driven by transit resonances of passing electrons148.
While this instability thrives in weakly sheared slab-like ge-
ometries, in other geometries the existence of a shear thresh-
old tends to prevent their presence (with the critical parameter
being56,149 Ls/Ln, with Ls ∝ ŝ). Therefore, by a combination
of the low shear in HSX as well as the high density gradient
of a/Ln = 3, an ideal situation for the emergence of the UI is
created, and in Ref. 57 such modes have been shown to ex-
ist in HSX at similar wavenumbers and frequencies. Despite
the adiabatic treatment of passing electrons, the global disper-
sion model manages to qualitatively reproduce the trends in
the propagation frequency ωR for these UI modes, at least for
ηe ≤ 1, though erroneously predicting these UI modes to be
damped rather than unstable. It should be mentioned, how-
ever, that we used the damped approximate eigenfrequency
solution to the quadratic dispersion relation [Eqn. (27)] in-
stead of the unstable one as an initial guess for root finding
to obtain this matching solution in ωR. These results are con-
sistent with the findings of Ref. 47, where it is argued that
in the limit of steep density gradients (equivalent to ηe ≪ 1)
the UI mode frequency is, to lowest order, purely real and
determined by a balance of ion and trapped-electron density
fluctuations. To next order, the destabilisation of this mode
would subsequently be dominated by the non-adiabatic re-
sponse of passing electrons. As the latter is absent in our
model, we do not expect agreement in the growth rate, and
indeed the model predicts that these modes cannot be driven
unstable at all. The subsequent deterioration of agreement in
the propagation frequency of these UI modes as a/LT e is in-
creased may be attributed to the increasing non-adiabaticity
of passing electrons, which no longer perturbatively affect the
eigenfrequency like in the steep-density-gradient limit. The
emergence of the UI is not a feature unique to HSX, and has
also been observed in the high-mirror configuration of W7-
X21,57, where despite the higher shear, the TEM drive is suf-
ficiently weakened by the maximum-J property for the UI to
become the dominant instability. In fact, the aforementioned
non-TEM mode at kyρss = 0.3 observed at the lowest tem-
perature gradient in W7-X in Figure 4 also corresponds to a
UI, explaining the erroneously predicted damping rate of that
mode by the model.
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FIG. 5: Eigenfrequency solutions of the global dispersion
relation model (solid lines) contrasted with GENE

simulations (symbols) including kinetic electrons while
varying the ion temperature gradient a/LT i (lighter colours
indicate a stronger temperature gradient). Shown are results
for (a) the DIII-D tokamak, (b) the HSX stellarator and (c)
the high-mirror configuration of the W7-X stellarator. In all

cases, the density gradient is fixed at a/Ln = 3 whilst the
electron temperature gradient is suppressed (a/LT e = 0).

Application to mixed ITG-TEM case

When a finite ion temperature gradient is considered, the
presence of trapped electrons will modify the ITG eigenfre-
quency with respect to an adiabatic-electron ITG mode at the
same gradients, and ITGs and TEMs may now coexist, lead-
ing to potential mode transitions between the two instabilities.
Whilst the global dispersion model has been shown to ade-
quately resolve the physics of drift resonances for ITG and
TEM individually, it needs to be validated in mixed-mode sce-
narios as well. Here we focus on the results for the a/LT i scan
in absence of electron temperature gradients, shown in Fig-
ure 5, where TEMs are driven only by the fixed density gradi-
ent. Results for simulations with a finite temperature gradient
for both species are shown in the Supplementary Material, in
which case with the inclusion of an electron temperature gra-
dient the model generally exhibits even better agreement.

In DIII-D, at moderate temperature gradients (ηi ≤ 1) only
a single mode transition is found to occur between kyρss =
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1.8-1.9 for the a/LT i = 2 simulation, which is reproduced
by the dispersion model. At those lower temperature gradi-
ents the TEM generally transitions to a UM as the wavenum-
ber is increased, with the transition wavenumber decreas-
ing with a/LT i, as is consistent with analytical theory of
Ref. 105. However, as the TEM-to-UM transition occurs
close to the growth rate peak, this renders UM increasingly
stable at shorter wavelengths. At higher temperature gradi-
ents of a/LT i ≥ 4 a transition from UM to ITG modes is ob-
served at these shorter wavelengths – with these ITG modes
persisting up to kyρss = 2 for a/LT i ≥ 5, though transition-
ing back into UM at kyρss = 1.9 for the a/LT i = 4 case –
close to the wavenumber where the growth rate attains a lo-
cal minimum. While the qualitative trends of these mode
transitions and the dispersion of the eigenfrequency in DIII-D
are captured by the dispersion model, the quantitative agree-
ment with GENE simulations has significantly deteriorated,
especially at large a/LT i, compared with the TEM-dominated
case of Figure 4. Remarkably, the model predicts the prop-
agation frequency for these high-wavenumber ITG modes
more accurately than for the intermediate-wavenumber UM
modes at large a/LT i, though at the cost of a significantly
overestimated growth rate. The eigenmodes of these high-
wavenumber high-gradient ITG modes were found to be char-
acterised by more finer-scale substructure in both Re

{
φ̂
}

and
Im
{

φ̂
}

beneath the mode envelope |φ |, thereby classifying
them as higher-excitation state ITG. Such higher-excitation
state ITG modes are characterised by higher critical gradients
for destabilisation, as well as increased stiffness of growth
rate with respect to driving gradient once destabilised com-
pared to those of conventional ground-state ITG eigenmodes
i.e. those without finer-scale substructure95,150,151. As a result
from this finer-scale substructure in the eigenfunction, these
higher-excitation state ITGs are subjected to stronger Landau
damping from parallel dynamics34,150, which is explicitly ab-
sent from our model and may explain the strong overpredic-
tion of the growth rate for these modes. By contrast, for the
intermediate-wavenumber UMs observed for these higher gra-
dients, the model significantly underpredicts the growth rates
and overpredicts the propagation frequency, particularly so
close to the mode transitions to ITGs. It should be empha-
sized, however, that these observations about the model’s re-
duced performance in the intermediate-to-high wavenumber
range with increasing a/LT i are specific to the DIII-D flux-
tube geometry, rather than a generic property of the model for
axisymmetric configurations. Indeed, as shown in the Sup-
plementary Material, the model results are in close agreement
with GENE simulations in both of the considered triangular-
ity configurations of the TCV tokamak over the full range of
wavenumbers and temperature gradients. As the most sig-
nificant geometric differences between TCV and DIII-D are
found in the safety factor q0 and magnetic shear ŝ [see Ta-
ble I], with both being ≈ 2.2 − 2.4 times larger in DIII-D,
respectively, the reduction of the model’s performance may
be attributed to the stronger FLR damping – represented by
the modified Bessel functions in the ion resonant integrals of
Eqn. (14) – due to the stronger secular increase in ∥k⊥∥. Ad-
ditionally, the combination of high propagation frequency and

low growth rate renders the numerical integration of these res-
onant integrals increasingly more challenging to accurately re-
solve, while simultaneously these integrals have a more dom-
inant effect on the dispersion relation, as they are weighted
by ω∇Ti

∝ a/LT i in the ion-density kernel [Eqn. (18)]. Both
of these explanations do not contradict the high accuracy
achieved by the model in the low wavenumber range, where
both ∥k⊥∥ as well as the ratio ωR/γ are much smaller.

For HSX, there is a much clearer distinction between ITG
modes and trapped-particle modes compared with DIII-D,
with low-wavenumber modes (kyρss ≤ 0.5) changing from UI
modes to ITG modes, as clearly indicated by the sign reversal
of the propagation frequency when the ion temperature gradi-
ent exceeds ηi ≥ 1, with the exception of the kyρss = 0.2 mode
for a/LT i = 3. In contrast, at higher wavenumber a mono-
tonic change of propagation frequency between electron and
ion diamagnetic frequencies occurs, with the associated tran-
sition wavenumber and the growth-rate maximum gradually
shifting to lower ky, with the latter also increasing with the
ion temperature gradient. By convention, these modes are la-
belled as iTEMs due to the increasing influence of ions to the
instability drive. Remarkably the global dispersion model ac-
curately predicts both growth rates and propagation frequen-
cies – with the exception of the UI modes at kyρss ≤ 0.4 be-
ing damped, and the kyρss = 0.5 mode at a/LT i = 1 which
shows a hybridization between TEM and UI features – for
the full temperature gradient and wavenumber range, unlike
what has been observed in DIII-D. The growth rates for the
intermediate-to-high wavenumber iTEM modes are, however,
consistently overestimated, resulting in a small mismatch for
the wavenumber at which the growth rate maximum is at-
tained between the high-fidelity simulations and the model,
though the trend of growth rates with ky are generally pre-
served for each gradient. As HSX shares many of the main
qualitative geometric features with DIII-D due to its quasi-
helical symmetry, the main differences being only the lack of
exact physical symmetry and a significantly lower magnetic
shear [see Table I]. This further enhances the argument of the
model’s reduced performance in DIII-D being a numerical is-
sue caused by large ∥k⊥∥.

Lastly, for the high-mirror configuration of W7-X we find
similar trends as observed in HSX. Aside from the modes at
kyρss = 0.2,0.3 for a/LT i ≤ 2 where UIs appear, the presence
of a finite ion temperature gradient is sufficient to shift the
propagation frequency of all trapped-particle modes that ap-
peared for the a/LT e scan in Figure 4 into the ion diamagnetic
direction. By convention this classifies the majority of these
modes as iTEMs at lower temperature gradients. At higher
temperature gradients a/LT i ≥ 5, however, two mode transi-
tions occur around kyρss ≈ 0.5 and kyρss ≈ 0.9 corresponding
to an ITG-to-iTEM and iTEM-to-ITG transition, respectively.
At intermediate temperature gradient of a/LT i = 4 ITG modes
occur only at kyρss = 0.3-0.4, with remaining modes being
iTEM. Whilst these mode transitions between ITG and iTEMs
and the qualitative trends among them are well captured by
the model, the growth rates are again significantly overesti-
mated, especially for the high-wavenumber (kyρss ⪆ 1) ITG
modes observed for a/LT i ≥ 5. The eigenmodes of these high-

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
3
2
4
1
3
4



20

wavenumber high-gradient ITGs also show higher-excitation
state features, similar to what was observed in the DIII-D sim-
ulations, explaining the strong overestimation of growth rates
for these modes due to the lack of parallel ion dynamics. Un-
like the DIII-D case, however, the model does not suffer from
a significant overprediction of propagation frequency and un-
derprediction of growth rate of the intermediate wavenumber
iTEMs close to the transition point to these higher-excitation
state ITG modes, This may again be attributed to the smaller
global shear of W7-X, preventing numerical issues from aris-
ing due to very large ∥k⊥∥. The global dispersion relation
model, however, does predict both propagation frequency and
growth rate for the low-wavenumber ITG modes with greater
accuracy than the low-wavenumber iTEMs. This may be at-
tributed to the lesser role that trapped electrons play in de-
termining the ITG mode properties in comparison with their
significance for the iTEM, such that the influence of the
maximum-J feature of the geometry – which tends to in-
crease the relative importance of non-adiabatic passing elec-
tron response with respect to the trapped-electron response47

– is not as prominent for these instabilities.

V. REDUCED FIDELITY PHYSICS MODEL

A. Description of reduced models

Despite the success of the global dispersion relation
Eqn. (17) in predicting eigenfrequencies (given a correct
eigenmode for φ̂ is provided), its main drawback is the
lack of an analytical solution for the resonant ion integrals
[Eqn. (14)], requiring evaluation through numerical integra-
tion instead. As this integral contains an oscillatory compo-
nent, it is prone to either high computational cost or risk of not
being well-resolved, which as we have seen in Section IV B is
most likely to occur in high-shear devices. By contrast, the
trapped-electron resonant integrals [Eqn. (15)] are fully ana-
lytic and can thus be computed at relatively low computational
cost to machine precision; the resulting pitch angle integral is
thus fairly robust to numerical integration, containing no sin-
gularities or oscillatory components. Indeed, solving for the
eigenfrequency requires no significant additional cost when
switching between an adiabatic- and a kinetic-electron de-
scription in the model. As Eqn. (17) contains most of the lin-
ear collisionless electrostatic physics embedded in the Vlasov-
Poisson system, aside from finite ion-transit-effects and a ki-
netic model for passing electrons, it may be advantageous to
consider some reduced-fidelity physics models which allow
for analytical solutions to the ion integrals.

FLR effect approximations

The main issue preventing analytical solutions to Eqn. (14)
is the coupling between the drift resonance and FLR
physics through the Bessel function argument b̂ j(ξ ) =
b j/(1+ iω j,∇Bξ ), which arises as a result of the velocity-
space asymmetry between the magnetic drift components

ωds = ωs,κ(v∥/vT s)
2 + ωs,∇B (v⊥/vT s)

2 /2, and the Larmor
radius dependence on v⊥. Hence, by leveraging adequate
approximations for the magnetic drift and FLR effects, the
desired complexity reduction of the ion integral may be ob-
tained. Aside from providing a reduction in computational
load for the global dispersion model, the inclusion of such
approximations for the drift and FLR physics also allows for
probing the sensitivity of a particular instability to the various
driving and damping mechanisms, enabling one to make deci-
sions on which physics should be retained when constructing
a reduced model to yield eigenmode frequencies within a de-
sired accuracy.

The FLR and toroidal-resonance physics are most straight-
forwardly decoupled by invoking the DK approximation for
the ions as well, therefore taking the b j → 0 limit44. However,
the complete suppression of FLR effects, together with the as-
sumption of streamer-like instabilities with a radial wavenum-
ber kx = 0, implies the eigenfrequency spectrum to be roughly
linear in ky [compare Eqn. (9) and Table III], which only ap-
plies up to kyρss ≈ 0.5 for most of the cases considered in Sec-
tion IV. Indeed, an eigenspectrum directly proportional to the
binormal wavenumber would predict that eigenmodes would
grow unstable without bound at the smallest scales, which is
sometimes considered as a kinetic equivalent to the UV catas-
trophe encountered in classical physics, and require the in-
clusion of perpendicular dissipation as would be offered by
FLR effects152. Hence, the DK approximation will likely be
too egregious to consider for reduced modelling – as e.g. re-
cently shown by Refs. 86 and 153 where growth rates beyond
kyρss ≈ 0.3 were significantly overpredicted in the DK ap-
proximation compared with simulations retaining full FLR ef-
fects – and FLR effects should be retained to some degree. In
previous works, a Taylor series approach to the FLR damping
has been considered, expanding either Γ0 after integration83

or expanding J2
0 before integrating42,72. While these meth-

ods yield analytically tractable solutions for the ion integral,
they are restrictively limited in their validity to small b, as
these truncated power series expansions introduce artificial
zero crossings at b ∼ O(1) when expanded to any odd order,
and rapidly grow without bound beyond b ∼ O(1) for both
even and odd order expansions, whilst their unapproximated
counterparts are strictly positive and bounded between [0,1].
As b ∝ gyyk2

y and the metric component contains a secular
term, such approximations will introduce erroneous physics
in our dispersion model even at low ky when the full effects
along the field line are taken into account, especially in high
magnetic shear configurations. An alternative approximation
to account for FLR damping effects is the Padé approxima-
tion Γ0(b j) ≈ 1/(1 + b j), originally considered to remove
the deleterious effects introduced by Taylor series approach
for intermediate-wavelength modes in gyrofluid models154.
Unlike their Taylor series counterpart, this Padé approxima-
tion does not introduce spurious zero crossings, closely cap-
tures the behaviour of the modified Bessel function even at
b j ∼ O(1), and smoothly decays at decreasing wavelengths
like Γ0(b j). Although, at very short wavelengths b j ≫ 1 the
effect of FLR damping is overestimated in the Padé approxi-
maiton as the proper asymptotic form85 Γ0(b j) ∼ 1/

√
b j de-
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cays more slowly. Consequently, at large b j the use of the
Padé approximation for the modified Bessel functions effec-
tively enhances the adiabaticity of ions, and we foresee this
approximation to be inadequate to describe short wavelength
ion temperature gradient (SWITG) modes155,156. However,
the resulting transport from such short wavelengths modes is
typically small157. As the transport-relevant scales for ITG-
TEM driven turbulence are typically long-wavelength, the
Padé approximation is thus expected to be adequate to de-
scribe the behaviour of the instabilities at the length-scales
of interest, since it alleviates the issues that render the Taylor-

series approach unsuitable for our model.
The application of the Padé approximation to include FLR

effects in the toroidal ITG dispersion relation has recently
been considered by Ref. 43, where for unstable modes (σγ =
+1) and regions of positive curvature it was shown that the
ion integrals [Eqn. (14)] have analytical solutions. In Ap-
pendix C 1, we extend the validity of this treatment to arbitrary
growth rate and arbitrary sign of the magnetic curvature and

derive an alternative derivative-free expression for J
(2)
j,∥ ,J

(2)
j,⊥.

Applying the Padé approximation to the resonant ion integrals
of Eqn. (14) as shown in Appendix C 1 results in the following
analytical expressions for the resonant ion integrals:

J
Padé,0
j =

a j,∇B√
gκ,∇B,b

(

i
√

πe
− ω

2ω j,κ Z

(

σγ σκ

√
a j,κ

2
√

gκ,∇B,b

)

+4πe−a j,∇B(1+b j)T

[

−iσγ σκ
√

a j,κ
√

gκ,∇B,b,
1

√
gκ,∇B,b

])

,

J
Padé,2
j,∥ =− 1

gκ,∇B,b

(

J
Padé,0
j +2a j,∇B

[

1+σγ σκ
√

a j,κ Z

(

σγ σκ

√
a j,κ

2

)])

,

J
Padé,2
j,⊥ = 2a j,∇B

(

J
Padé,0
j − 1

1+b j

)

−2
ω j,κ

ω j,∇B

J
Padé,2
j,∥ ,

(28)

where we have introduced a j,κ = ω/ω j,κ , a j,∇B = ω/ω j,∇B

and σκ = sgnω j,κ , use the short-hand notation gκ,∇B,b =
2ω j,κ(1 + b j)/ω j,∇B − 1, and T [h,a] is the Owen’s T-
function158. The only remaining validity limit to Eqn. (28) is
that the expression for J

Padé,0
j was obtained under the assump-

tion that ω j,κ/ω j,∇B > 0 [though the expressions for J
Padé,2
j,∥

and J
Padé,2
j,⊥ are generally valid if one computes J

Padé,0
j numeri-

cally from Eqn. (C1) in those cases instead]. Using Eqn. (24),
the validity of this assumption can be estimated to hold up
to plasma pressures of β crit ∼ O(a/R), with R the major ra-
dius. For the devices considered here, the tokamaks are char-
acterised by β crit ≈ 0.3, while for the stellarators β crit ≈ 0.1,
far above the thresholds where electromagnetic effects have a
non-negligible influence on the ITG9,10, such that Eqn. (28)
is adequate within the electrostatic approximation considered
in this work. In the limit of σκ = σγ = +1, the expression of

J
Padé,0
j reduces to that obtained in Appendix B of Ref. 43. The

DK limit is then straightforwardly obtained from Eqn. (28)
by setting b j = 0, and in Appendix C 2 we show if one fur-

ther assumes ω j,κ ≈ ω j,∇B, consistent with β ≈ 0, that J
Padé,0
j

reduces to

J
DK,0
j = lim

ωκ→ω∇B

lim
b→0

J
Padé,0
j =

a j,κ

2
Z

(

σγ σκ

√
a j,κ

2

)2

,

which when substituted in Eqn. (28) to obtain expressions

for J
(2)
j,⊥ and J

(2)
j,∥ in the DK limit, reduces the adiabatic-

electron dispersion relation for ITG modes [Eqn. (12) with the
trapped-particle contribution suppressed] to the well-known

BDR result44 [D0 in Eqn. (3) therein] under the conventional
assumptions of σγ = σκ =+1, see Eqn. (C15).
Magnetic drift approximations

Aside from approximating the FLR effects, another method
to decrease the complexity of the resonant ion integrals in
Eqn. (14) is to reduce the velocity-space asymmetry of the
magnetic drift. By noting that, in the absence of tempera-
ture anisotropy, the equipartition theorem predicts that ⟨v2

∥⟩=
⟨v2

⊥⟩/2, we can consider two approximations to the magnetic
drift72,

ωds ≈







(ωs,κ +ωs,∇B)
v2
∥

v2
T j

curvature model

(ωs,κ +ωs,∇B)
v2
⊥

2v2
T j

∇B model
. (29)

Henceforth, we shall refer to the unapproximated drift ωds =

ωs,κ(v∥/vT s)
2 +ωs,∇B (v⊥/vT s)

2 /2 as the “full-drift” model.
Comparing the “full drift” case to Eqn. (29), we observe that
these drift models effectively reduce to a pure curvature or
∇B drift, but at an augmented magnitude, which in turn re-
duces the resonance condition ω ∼ ωds from a curved surface
in velocity space to a simple plane159. Those approximations
alleviate the complexity of the denominators in Eqn. (14), as
the integer power terms are attributable to the ∇B drift, while
the half-integer powers are attributable to the curvature drift.
In Appendix C 3, we show that with the curvature model, it is
possible to obtain analytical expressions for Eqn. (14) as
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J
curv,0
j =−Γ0(b j)σγ σd, j

√
ad, j

2
Z

(

σγ σd, j

√
ad, j

2

)

,

J
curv,2
j,⊥ =−2

(
Γ0(b j)+b j [Γ1(b j)−Γ0(b j)]

)
σγ σd, j

√
ad, j

2
Z

(

σγ σd, j

√
ad, j

2

)

,

J
curv,2
j,∥ =−Γ0(b j)ad, j

[

1+σγ σd, j

√
ad, j

2
Z

(

σγ σd, j

√
ad, j

2

)]

,

(30)

where we have introduced ad, j = ω/(ω j,κ + ω j,∇B) and
σd, j = sgn(ω j,κ +ω j,∇B). This analytical simplification is fa-
cilitated by a decoupling of the FLR and drift physics, since
by virtue of the curvature model we have b̂ j(ξ ) → b j. With
these approximations, the ion-density kernel in Eqn. (18) re-
duces to

hcurv
ion, j =

ω∇Tj

2ω
Γ0(b j)ad, j

(

1+σγ σd, j

√
ad, j

2
Z

(

σγ σd, j

√
ad, j

2

))

−σγ σd, j

√
ad, j

2
Z

[

σγ σd, j

√
ad, j

2

](

Γ0(b j)×
[

1−
ω∇n j

ω
+

ω∇Tj

2ω

]

−
ω∇Tj

ω
b j [Γ1(b j)−Γ0(b j)]

)

,

(31)

which under the conventional assumptions of σγ = σd, j =
+1 reduces to the form obtained by Refs. 159 and 160 in
Eqns. (11) and (18), respectively.

The ∇B model does not allow for similar simplifications
of Eqn. (14), as the coupling between FLR and drift physics
remains in b̂ j(ξ ). Nonetheless, the ∇B model does provide
a reduction in the numerical cost of calculating the resonant
ion integrals, as it reduces J

∇B,2
j,∥ → J

∇B,0
j,∥ , thereby making

one of the integrals redundant. It has been shown that at long
wavelengths the ∇B model provides a better approximation to
the full-drift model than the curvature model72, whilst simul-
taneously providing reasonable agreement with the full-drift
model even at intermediate wavenumbers of b ≈ 0.6 where
FLR effects become more relevant. Although this latter ob-
servation is attributable to the coupling between FLR and drift
physics, which is lost in the curvature model, the former ob-
servation at low wavenumbers b ≪ 1 is due to the fact that
the v2

⊥ resonance of the ∇B model is accessible in a larger
region of velocity space than the v2

∥ resonance of the curva-
ture model, and thus more closely approximates the true reso-
nant surface of the full-drift model. By additionally invoking
the Padé approximation for the Bessel function, we show in
Appendix C 4 that, again, the resonant ion integrals become
analytically tractable,

J
∇B+Padé,0
j =−ad, je

−ad, j(1+b j)E1

(

−ad, j (1+b j)

)

,

J
∇B+Padé,2
j,⊥ =−2ad. j

[
1

1+b j

+ad, je
−ad, j(1+b j)×

E1

(

−ad, j (1+b j)

)]

,

J
∇B+Padé,2
j,∥ = J

∇B+Padé,0
j ,

(32)

where E1(z) =
∫ ∞

z dt e−t/t is the exponential integral. For
this double approximation, the ion-density kernel in Eqn. (18)
becomes

h∇B+Padé
ion, j =

(
ω∇n j

ω
−1+

ω∇Tj

ω

(
ad, j −1

)
)

ad, j×

e−ad, j(1+b j)E1
(
−ad, j (1+b j)

)
+

ω∇Tj

ω

ad, j

1+b j

,

(33)

which in the DK limit of b j → 0 agrees with Eqns. (19) and
(A2) from Refs. 71 and 161, respectively. We note, however,
that while we focus on the explicit simplification of the ion-
density kernel in these reduced models, the trapped-electron
pitch-angle density kernel Ktr-el in Eqn. (18) is also implicitly
modified when invoking the curvature- or ∇B-model, as this
affects the computation of the bounce-averaged drift accord-
ingly,

ωT
de ≈







(ωe,κ +ωe,∇B)(1−λB) curvature model

(ωe,κ +ωe,∇B)λB ∇B model

. (34)

Making simplifications to the FLR term leaves Ktr-el un-
affected, as the trapped electrons have been treated drift-
kinetically.

Eigenmode proxies

Additionally, though the global dispersion model is not
fully self-consistent, its variational nature allows us to use
simplified proxy functions for the eigenmode structure to ob-
tain a close approximation to the eigenmode frequency, pro-
vided the φ̂ proxy is reasonably accurate. Here we briefly
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and non-exhaustively consider two choices for an eigenmode
guess: the so-called flute mode φ̂ ≈ φ0 with φ0 constant or a
Gaussian φ̂(z) = e−z2/2. Although a relatively severe approx-
imation, flute modes are considered in TEM stability analysis
to study geometric effects21,24,162, which, unlike the eigen-
function, are known a priori. Meanwhile, Gaussian trial func-
tions can be justified from ITG theory, where the lowest-order
eigenfunction in a quadratic drift well is Gaussian33,34,163,
though with a width parameter that needs to be determined
self-consistently and generally depends on plasma parame-
ters, geometric parameters, and instability wavenumber. In re-
duced modelling efforts for tokamaks, a similar basis-function
expansion as for the quadratic well is applied to the eigen-
mode, where the Gaussian eigenmode width is an exploitable
variational parameter164–167. Our main goal of adopting these
eigenmode proxies is to probe the model’s sensitivity to the
eigenfunction shape. The results presented here therefore
mainly serve as a baseline for the model’s performance with
poor proxy functions when compared with the exact GENE

eigenfunctions, rather than providing any degree of fidelity.
The flute mode is expected to be a particularly poor eigen-
function, as it fails to localise the instability to geometric fea-
tures, while the fixed Gaussian-width approach captures local-
isation to the outboard magnetic well, though it fails to cap-
ture the increasing mode localisation with ky due to FLR ef-
fects, or increased tendency of eigenmodes to become more
strongly ballooned when gradients are increased as the mode
approaches the MHD interchange limit. As there is only one
magnetic well in a tokamak to which the eigenmode can be lo-
calised, with curvature typically being worst at the outboard,
we expect better performance of this proxy in axisymmetric
configurations than in low-shear stellarators, where the exact
mode may be highly extended at low ky or localised to other
magnetic wells at high ky when FLR damping increases in
importance. Ultimately, the variational nature of the model
would most benefit from more intermediate-fidelity proxies
that are better informed about the underlying instability and
mode localisation physics with more realistic dependency on
e.g. plasma and geometric parameters, though the develop-
ment of such improved proxies is beyond the scope of this
work.

In case of the Gaussian trial function we adopt the same
ballooning-space domain for the eigenmode as considered in
the GENE simulations, i.e. we use the same nkx as in Table II
to construct the geometry beyond the 2πNpol extent of the flux
tube. The flute mode proxy, however, violates the bound-
ary condition of the ballooning formalism (see Section III C),
and would consequently result in spurious unbounded con-
tributions to the mode drive in the global dispersion relation
[Eqn. (17)] in an infinitely extended geometry. Hence, to
accommodate this artificial proxy, we assume an unsheared
magnetic field, which is consistent with physical 2π periodic-
ity of the eigenmode proxy, allowing us to limit the effects of
geometry on the eigenfrequency to within the original 2πNpol
extent of the flux tube.

In order to assess the effect of these approximations on
the eigenfrequency, as well as whether they affect our abil-
ity to maintain the fundamental physics for toroidal ITGs and

TEMs, we apply each set of these reduced models to one
adiabatic-electron ITG case at gradients of a/Ln = 2, a/LT i =
4, and one purely density-gradient-driven kinetic electron case
at a/Ln = 3 in the absence of temperature gradients. For sim-
plicity, the adiabatic-electron case does not contain impurities,
though the chosen gradients correspond to the nominal values
considered for the Zeff scan discussed in Section IV A. Like-
wise, the density gradient considered for the kinetic-electron
case corresponds to the nominal value considered in both the
a/LT i and a/LT e scans discussed in Section IV B, where the
absence of temperature gradients prompts the instabilities to
be either a trapped-particle mode or, if the shear is sufficiently
low, a UI.

B. Application to DIII-D

The results for eigenfrequencies obtained by the global dis-
persion model in DIII-D geometry using the various reduced
models are shown in Figure 6. The results obtained from the
GENE simulations as well as from the baseline global dis-
persion model in absence of further approximations are also
shown to provide a reference. Focussing on the adiabatic-
electron ITG scenario (Figure 6a) – where we expect the
model reductions to have the most significant impact as they
directly modify the functional properties of the ion resonant
integrals [Eqn. (14)], whilst the mapping properties of the
trapped-electron resonant integrals [Eqn. (15)] into the com-
plex plane remain unaltered aside from a change in the value
of ωT

de – we observe that, in general, the introduction of the
Padé approximation (orange lines) yields the smallest discrep-
ancy with respect to the baseline model (blue lines), with no-
ticeable differences emerging particularly in the growth rate
from kyρss ≈ 0.8 onwards; the higher-ky growth rates are sys-
tematically overpredicted up to kyρss ≈ 1.7 compared with
when full FLR effects are retained, and thereafter underpre-
dicted at higher wavenumber. This observation is consistent
with the fact that the Padé approximation Γ0(b̂ j)≈ 1/(1+ b̂ j)

decays less rapidly than Γ0(b̂ j) itself from
∣
∣b̂ j

∣
∣ ≤ 3, while

thereafter decaying more rapidly for larger
∣
∣b̂ j

∣
∣. With respect

to the drift models, the ∇B-model (in combination with the
Padé approximation, green lines) better captures the growth
rate than the curvature model (purple lines) does, which is
consistent with the observation from Ref. 72 about the rela-
tive areas of the resonant surfaces in velocity space between
these two models; the opposite trend between drift models
occurs for the propagation frequencies. Note, however, that
with the curvature model approximation, the global dispersion
relation model could not find any solutions for kyρss = 0.1
and kyρss > 1.3 satisfying D = 0, with root finding meth-
ods converging onto modes with vanishingly small numeri-
cal growth/damping rates, for which the validity condition for
Eqn. (11) used to derive Eqn. (31) is stretched to its limits,
and are hence omitted from Figure 6a. Lastly, with respect to
the proxy functions for the electrostatic potential, the Gaus-
sian proxy (pink lines) yields significantly better results than
the flute mode proxy (maroon lines), as would be expected,
thereby further cementing the variational aspect of the disper-
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sion relation. Additionally, when using the flute mode proxy
the dispersion relation model only has Dglobal(ω) = 0 solu-
tions for kyρss ≤ 1.4. With regard to the Gaussian trial func-
tion, it should be noted, however, that the closer agreement
between growth rates predicted by GENE and the dispersion
model using the proxy instead of the high-fidelity eigenfunc-
tion at intermediate wavenumbers should be considered as co-
incidental, as the model is still lacking the physics associated
with finite-transit effects that would be required to obtain a
one-to-one match.

Many of the observations regarding the influence of ap-
proximations in the model for adiabatic-electron ITG case are
also directly reflected in the TEM scenario (Figure 6b), with
the discrepancy between the Padé and full-FLR model being
quantitatively comparable to the adiabatic-electron ITG case,
though qualitatively less severe as the discrepancy is consis-
tent at high ky. This is to be expected as the mode is predom-
inantly driven by the trapped-electron precession resonance
and thus less strongly affected by FLR damping. Similarly
as in the ITG case, the curvature model does yield consis-
tently lower growth rates than the ∇B model, though there
is a stronger discrepancy in ωR with respect to the baseline
model in comparison to the adiabatic-electron ITG scenario.
Remarkably, the ∇B model exhibits only a moderate discrep-
ancy in growth rate up to kyρss ≈ 1, though a similar mismatch
in ωR is observed as in the ITG case. The lower sensitiv-
ity of the growth rate to the chosen drift model can be ex-
plained from Eqn. (34), as the bounce-averaged drift is domi-
nated by contributions near the bounce points (λB ≈ 1) where
trapped-particles spend most of their time, for which the cur-
vature component to the magnetic drift is nearly vanishing,
such that the ∇B model does not significantly affect which
trapped-particle population is in resonance. However, as these
particles now experience an augmented drift frequency, the
mode frequency ωR must be equivalently increased to remain
in resonance, explaining the stronger discrepancy in ωR com-
pared with the adiabatic-electron ITG case. Likewise, the
Gaussian proxy yields eigenfrequencies close to those ob-
tained with the GENE eigenfunction with the baseline model
at low wavenumber, though significant deviations occur in the
growth rate beyond kyρss ≈ 1. This may be attributed to the
widening and flattening observed in the GENE UM eigenmode
structures compared with the GENE TEM mode structures,
while the proxies’ width is fixed. Additionally, the flute mode
proxy, despite its relentless simplicity, manages to provide
reasonably accurate predictions for the propagation freuqen-
cies – outperforming even both options for reduced drift mod-
els when high-fidelity eigenfunctions are used – though pro-
vides a less accurate predictions for the growth rate. Nonethe-
less, the growth rate predictions are comparable to those ob-
tained with the curvature model up to kyρss ≈ 1 with errors
further decreasing for higher wavenumber, while with respect
to the ∇B model the opposite trend is observed. This further
exemplifies the variational nature of the model when kinetic
electron physics is included.

C. Application to W7-X

Results for the use of reduced models on the eigenfre-
quency of adiabatic-electron ITG and density-gradient-driven
TEM in the high-mirror configuration of W7-X are shown in
Figures 7a and 7b, respectively. Many of the pertinent features
observed in DIII-D carry over to the high-mirror configuration
of W7-X, with in particular the Padé approximation continu-
ing to yield the best match to the baseline model. The most
notable differences are the lack of mode transitions occurring
when using the eigenmode proxies, which is to be expected as
these are facilitated by changes in φ̂ obtained from GENE, as
well as the worsening of the discrepancies between the use of
proxies and the baseline model using exact eigenfunctions.

In particular both proxies suffer considerably from the ex-
istence of a finite range of wavenumbers for which the high-
frequency limit of the dispersion relation [Eqn. (27)] pre-
dicts real-valued rather than complex-valued eigenfrequen-
cies, which renders the initial guess incompatible with the
validity requirement of Eqn. (11). Rather, in those cases, we
seek an alternative initial guess based on a direct evaluation of
the dispersion relation with the effects of drift resonances re-
tained [Eqn. (17)] on a small coarse-grained frequency grid in
the complex plane. Additionally, in case of the TEM scenario
the dispersion relation model was found not to support any
solutions for kyρss ≤ 0.3,0.7 when considering the flute mode
proxy and Gaussian trial function, respectively. The poorer
performance of the proxies in W7-X indicates that mode lo-
calisation is more complicated in (low-shear) stellarators like
W7-X compared with tokamaks, necessitating the develop-
ment of more realistic mode proxies than considered in this
work. The fact that the kinetic-electron TEM scenario shows
a larger susceptibility to the choice of the proxy function com-
pared with the adiabatic-electron ITG scenario – despite the
proper variational nature of the model in the former compared
with the ad-hoc applicability in the latter – may be explained
from the variation of the magnetic field strength along the
field line, see Figure 2. The trapped-electron populations are
strongly affected by ∥B∥ through the distribution of the mag-
netic wells and corresponding bounce-averages. In the toka-
mak case, there is only one of those wells (though infinitely
repeated in ballooning space), spanning the extent of a single
poloidal turn, which is similar to the extent of both eigen-
function proxies. In W7-X, by contrast, there are multiple
non-equivalent wells within a single poloidal turn, resulting
in a mismatch between the broad extents of the eigenfunction
proxies and the more narrow extents along the field line that
are accessible to different trapped-particle populations, which
are crucial to mode localisation for TEMs. By comparison,
the variation of ∥B∥ only affects the ions by slightly modi-
fying the argument of the Bessel function and the amplitude
of the magnetic drifts (see Table III), though this variation is
negligible compared with the change in ∥k⊥∥ and the drift-
operator Ly, which have broader extents along the field line
compared with the magnetic wells.

With regard to the use of the drift approximations, the
most striking difference compared with DIII-D occurs in the
adiabatic-electron ITG scenario. In W7-X we observe that the
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FIG. 6: Influence of the different reduced models for the FLR damping, drift approximation, and eigenfunction proxies on the
eigenfrequency solutions obtained by the global dispersion relation model (solid lines) contrasted with GENE simulations

(symbols) in DIII-D geometry. Shown are (a) an adiabatic-electron ITG case with a/Ln = 2, a/LT i = 4, and (b)
adensity-gradient-driven TEM case with a/Ln = 3. For comparison, the solution of the baseline global dispersion model

without any of the aforementioned approximations is added in blue. Note that the GENE eigenfunctions for φ̂ are used for the
cases with drift and FLR approximations, while the eigenfunction proxy cases retain the full FLR and drift physics.

∇B model no longer universally yields larger and more accu-
rate growth rates compared with the curvature model. In fact,
for the adiabatic-electron ITG case at high ky, the curvature
model yields both ωR and γ that are in closer agreement with
the predictions from the baseline model than the ∇B does.
This may be explained in terms of the significantly weaker
FLR damping due to the lower shear, which quenches insta-
bility drive in DIII-D. Hence, it must be concluded that as
far as the ITG is concerned, FLR damping is a more crucial
component to determining the overall stability than the total
area of the resonant surface in velocity space, otherwise the
performance of the reduced model would have been universal
across the two geometries. This is in line with the observa-
tion that mode localisation of adiabatic-electron ITG is most
strongly correlated with ∥k⊥∥, while growth rates are subse-
quently most strongly correlated with the regions of curvature
that are sampled within the extent of the mode135. However,
no substantial qualitative differences between W7-X and DIII-
D occur for the behaviour of the reduced drift models in the
TEM scenario.

VI. SUMMARY

We have developed a field-line global dispersion relation
for electrostatic (toroidal) ITG and TEM in arbitrary toroidal
geometry, retaining FLR damping for ions and drift reso-
nances for both ionic and electron species (semi-)analytically.
This model is not only shown to satisfy a variational property,
but is valid for arbitrary sign of the growth rate and magnetic
curvature, and is shown to agree with conventional treatments
for unstable modes with matching sign of curvature, for which
the dispersion relation is more straightforward to obtain based
on the integral formulation of the plasma dispersion function
[Eqn. (16)]. Such a sign generalisation is crucial for the vari-
ational formulation, as the latter is obtained by integrating the
dispersion relation along the helical magnetic field line, on
which the curvature drift is bound to change sign. Although

this variational formulation only applies when the effect of
kinetic electrons is considered, the same global dispersion re-
lation is considered as an ad-hoc model for including non-
local effects along the field line for adiabatic-electron ITG.
The applicability of this model in predicting ITG-TEM eigen-
frequencies in both its ad-hoc and variational states is studied
by comparing against GENE simulations in both tokamak and
stellarator geometries, where the exact GENE eigenfunctions
for the electrostatic potential are used as trial functions. The
complex eigenfrequencies produced by the model are gener-
ally in quantitative agreement with the gyrokinetic simula-
tions, especially at transport-relevant long wavelengths. Sig-
nificant deviations in that regime are predominantly observed
for low-shear stellarator geometries when kinetic electrons are
considered, and are attributable to the lack of non-adiabatic
passing-electron physics as required to describe the Univer-
sal Instability, which is observed at these low wavenumbers
in high-fidelity simulations. Additionally, when kinetic elec-
trons are considered, the model significantly overestimates
the growth rate at short wavelengths at large ion temperature
gradient in DIII-D and the high-mirror configuration of W7-
X, though not in HSX. These discrepancies are attributed to
higher-excitation state of ITG modes that are found in GENE

simulations in the former set of configurations, which are
more sensitive to the parallel ion dynamics that have been ne-
glected in the model. Barring these exceptional cases, in gen-
eral, the agreement between the model and the high-fidelity
simulations is worst for the high-mirror configuration of W7-
X. This, however, is caused by peculiarities in the geometric
features of a maximum-J configuration, as the model yields
eigenfrequencies for the negative-mirror configuration of W7-
X – which is distinctively not maximum-J – with similar de-
gree of agreement as in DIII-D and HSX as shown in the
Supplementary Material. Furthermore, the model is capable
of accurately distinguishing geometric effects, predicting the
TEM growth rates of the negative-mirror configuration to be
roughly twice as large as the iTEM growth rates of the high-
mirror configuration, as observed in the GENE simulations.
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FIG. 7: Influence of the different reduced models for the FLR damping, drift approximation, and eigenfunction proxies on the
eigenfrequency solutions obtained by the global dispersion relation model (solid lines) contrasted with GENE simulations
(symbols) in the geometry of the high-mirror configuration in W7-X. Shown are (a) an adiabatic-electron ITG case with

a/Ln = 2, a/LT i = 4, and (b) adensity-gradient-driven TEM case with a/Ln = 3. For comparison, the solution of the baseline
global dispersion model without any of the aforementioned approximations is added in blue. Note that the GENE

eigenfunctions for φ̂ are used for the cases with drift and FLR approximations, while the eigenfunction proxy cases retain the
full FLR and drift physics.

Additionally, we have investigated a set of common approx-
imations for their suitability to enhance the analytical mal-
leability of the ion resonant integral, which may be challeng-
ing to numerically resolve as a result of coupling between the
FLR damping term and the drift resonances. Such numeri-
cal limitations can particularly gain in prominence when the
global magnetic shear is high, resulting in ∥k⊥ρs∥≫ 1 even at
moderate values of the bi-normal wavenumber kyρss ∼ O(1),
as has been observed in DIII-D. It is found that among the var-
ious simplifying approximations invoking a Padé approxima-
tion Γ0(b̂ j) ≈ (1+ b̂ j)

−1 enables analytical solutions of this
integral whilst consistently yielding the smallest deviations
in the eigenfrequency with respect to the baseline model, at
least up to length scales of kyρss = 2 considered in this work,
though this approximation may be more deleterious at shorter
wavelengths where it causes the ions to approach adiabaticity
faster than they should.

Several improvements of the global dispersion model are
still necessary. First and foremost, the electrostatic-potential
eigenfunction needs to be determined self-consistently, rather
than provided as input from linear gyrokinetic simulations.
Such an approach is, however, beyond the scope of this work,
where we emphasize the validation of the relevant geometry-
based driving and damping physics of the model. If a self-
consistent determination is not feasible, then more suitable
and realistic eigenfunction proxies than the rudimentary fixed-
width Gaussian and flute mode considered in Section V will
need to be developed, which should be better informed about
mode localisation physics by introducing dependencies on
e.g. plasma- and geometric parameters, such that the vari-
ational nature of the dispersion relation can be further ex-
ploited. We remark that for the most important application
cases of stellarator scenarios with kinetic electrons, the base-
line model achieves speed-ups over GENE of around three
orders of magnitude. Hence, if combined with an efficient
and accurate eigenfunction proxy to avoid reliance on GENE

eigenfunctions, the model would enable wide-ranging evalu-

ations and microstability optimisation. For future work we
consider furthermore including the effect of a finite-transit-
frequency correction to the ion response, as explicitly done in
the non-resonant limit (ωdi/ω ≪ 1) by e.g. Refs. 33, 71, and
168, which removes the ad-hoc nature of the model when ap-
plied to adiabatic-electron ITG scenario and may reduce the
overprediction of growth rates due to missing Landau damp-
ing associated with particle streaming. Furthermore, we shall
strive to include kinetic effects for passing electrons to ex-
tend the applicability of the model towards UI and, at shorter
wavelengths than those considered here, ETG modes. Lastly
we note that the analytical approaches we have considered for
the global dispersion model are not limited in their applica-
bility to studying microinstabilities, for similar velocity-space
integrals over toroidal resonances in the non-adiabatic distri-
bution are found in the evaluation of quasilinear weights for
the calculation of ion and electron fluxes169–171. As the calcu-
lation of such quasilinear weights also involve a field-line in-
tegral over the resonant velocity moments, similar to Dglobal,
they may benefit from the sign generalisations developed in
this work to correctly account for the contributions of regions
of opposing curvature drift.

SUPPLEMENTARY MATERIAL

The online Supplemnetary Material offers a detailed deriva-
tion for the extension formulae of the geometric quantities
[Eqn. (26)] (Section S1), additional parameter scan compar-
isons between the model and GENE simulations in driving
gradients for DIII-D, HSX and high-mirror configuration of
W7-X mentioned in Section III B but not discussed in the
main text (Section S2), as well as ancillary comparisons of
predictions between the model and GENE simulations for both
triangularity configurations of TCV and the negative-mirror
configuration of W7-X for all scenarios mentioned in Sec-
tion III B, with an emphasis on probing the model’s sensitivity
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to subtle configuration effects (Section S3).

ACKNOWLEDGMENTS

We would like to thank P. Costello, G.G. Plunk, and P.
Helander for insightful physics discussions, as well as the
GENE Development Team for providing support. Addition-
ally we express our gratitude towards C.D. Stephens, J. Citrin
and A.G. Goodman for their advice on the numerical frame-
work used to solve our dispersion relation model, as well as T.
Romba and F. Reimold for providing insights into experimen-
tally accessible impurity parameters. Figures in Section IV
have been made possible by using the colourmaps available
in the open-source CMasher package172. Simulations were
performed on the HPC system Viper at the Max Planck Com-
puting and Data Facility and the HPC system Marconi at the
CINECA consortium.
This work has been carried out within the framework of the
EUROfusion Consortium, funded by the European Union via
the Euratom Research and Training Programme (Grant Agree-
ment No 101052200 – EUROfusion). Views and opinions ex-
pressed are however those of the author(s) only and do not
necessarily reflect those of the European Union or the Euro-
pean Commission. Neither the European Union nor the Euro-
pean Commission can be held responsible for them.

Appendix A: Derivation of the resonant ion- and electron
dispersion integrals

1. Ion dispersion integral

As within the model the ion population is described locally
and trapping effects are neglected, one may use v∥,v⊥ as
independent velocity coordinates71, making the ion integral
most suitable to treat with normalised cylindrical velocity
coordinates {x∥,x⊥}= {v∥,v⊥}/vT s. In those coordinates, the
single-particle Maxwellian takes the convenient parametrised
form FMsd3vs = Nx∥(0,1)Nx⊥(0,1)x⊥ dx⊥ dx∥ dϑ /

√
2π

where

Nz(µ,σ) =
1√

2πσ2
exp

(

− (z−µ)2

2σ2

)

(A1)

is the parametrised normal distribution, where ϑ = [0,2π) is
the gyrophase angle. In what follows we primarily use the
subscript i instead of s, though the result also holds for the
other (impurity) species.

The ion resonant integral from Eqn. (9) is most straight-
forwardly treated by simplifying the frequency fraction as
(ω −ωT

∗i)/(ω −ωdi) = 1+(ωdi −ωT
∗i)/(ω −ωdi), yielding

∫
ω −ωT

∗i

ω −ωdi
FMiJ0(k⊥ρi)

2d3vi = Γ0(bi)+
√

2π

∞∫

−∞

dx∥

∞∫

0

dx⊥
ωdi −ωT

∗i

ω −ωdi
Nx∥(0,1)Nx⊥(0,1)x⊥J0(

√

bix⊥)
2

︸ ︷︷ ︸

=Itor
i

(A2)

where we introduced bi = (k⊥ρTi)
2, the frequency-

independent integral was solved in terms of Weber
integrals104, and Γn(z) = exp(−z)In(z) denote the expo-
nentially scaled modified Bessel functions of the first kind.
Here we will focus on the integral Itor

i containing the toroidal
drift resonance, which, after applying Eqn. (11) and using
the explicit velocity dependence of the diamagnetic drift

ωT
∗i = ω∇ni

+ ω∇Ti

(

(x2
∥+ x2

⊥)/2−3/2
)

and magnetic drift

ωdi = ωi,κ x2
∥+ωi,∇Bx2

⊥/2, reduces to

Itor
i =− ω∇ni

− 3
2 ω∇Ti

ω
J

0,0
∥,⊥+

ωi,∇B −ω∇Ti

2ω
J

0,2
∥,⊥

+
ωi,κ − 1

2 ω∇Ti

ω
J

2,0
∥,⊥ (A3)

where we introduced the following generic integrals

J
n,m
∥,⊥ =

ω

iσγ

√
2π

∞∫

0

dξ eiσγ ωξ

∞∫

−∞

dx∥Nx∥(0,1)x
n
∥e

−iσγ ωi,κ x2
∥ξ×

∞∫

0

dx⊥Nx⊥(0,1)x
m+1
⊥ J0(

√

bix⊥)
2e−iσγ

ωi,∇B
2 x2

⊥ξ .

(A4)

The velocity integrals in Eqn. (A4) may be performed
analytically by virtue of coordinate transforms u∥ =

x∥
√

1+2iσγ ωi,κ ξ and u⊥ = x⊥
√

1+ iσγ ωi,∇Bξ , such that
the exponential terms can be consolidated into a standard nor-
mal distribution in the new coordinates, yielding

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
3
2
4
1
3
4



28

J
n,m
∥,⊥ =

ω
√

2π

iσγ

∞∫

0

dξ
eiσγ ωξ

(
1+2iσγ ωi,κ ξ

) n+1
2
(
1+ iσγ ωi,∇Bξ

)m+2
2

∞
√

1+2iσγ ωi,κ ξ
∫

−∞
√

1+2iσγ ωi,κ ξ

du∥Nu∥(0,1)u
n
∥

∞
√

1+iσγ ωi,∇Bξ
∫

0

du⊥Nu⊥(0,1)u
m+1
⊥ J0

(√

b̂i(ξ )u⊥

)2

(A5)

where we abbreviated b̂i(ξ ) = bi/
√

1+ iσγ ωi,∇Bξ . As
neither the u∥ nor the u⊥ integral contain poles (pro-
vided n > −1, m > −2) or singularities, we may exchange
the semi-infinite line integrals in C with phase −π/4 ≤
arg[
√

1+ iσγ ωi,∇Bξ ] ≤ π/4 with semi-infinite line integrals
along R by applying Cauchy’s theorem to the pizza-slice-
shaped contour shown in Figure 8, with the latter integrals
reducing to standard Gaussian and Weber integrals for u∥ and
u⊥ respectively, yielding the three integrals of interest as

J
0,0
∥,⊥ =

ω

iσγ

∞∫

0

dξ
eiσγ ωξ Γ0(b̂(ξ ))

√
1+2iσγ ωi,κ ξ

(
1+ iσγ ωi,∇Bξ

)

J
0,2
∥,⊥ =

2ω

iσγ

∞∫

0

dξ
eiσγ ωξ d

db̂i(ξ )

(
b̂i(ξ )Γ0(b̂i(ξ ))

)

√
1+2iσγ ωi,κ ξ

(
1+ iσγ ωi,∇Bξ

)2

J
2,0
∥,⊥ =

ω

iσγ

∞∫

0

dξ
eiσγ ωξ Γ0(b̂(ξ ))

(
1+2iσγ ωi,κ ξ

)3/2 (
1+ iσγ ωi,∇Bξ

)

(A6)

where the Bessel function expression Γ0(b̂i) + b̂i(Γ1(b̂i)−
Γ0(b̂i)) has been abbreviated through d

(
Γ0(b̂i)b̂i

)/
db̂i .

Combining Eqns. (A2) and (A3) matches with Eqn. (12)
from the main text where we have compressed the notation
{J

0,0
∥,⊥,J

2,0
∥,⊥,J

0,2
∥,⊥} → {J0,J2

∥ ,J
2
⊥}, whilst Eqn. (A6) matches

with Eqn. (A6) under this notation compression.

2. Electron dispersion integral

With the kinetic contribution to the model being domi-
nated by trapping effects, the variation of v∥,v⊥ along the
unperturbed bounce-orbits need be taken into account, hence
it is not adequate to consider the velocity-space coordinates
as independent. As the modulation of v∥,v⊥ by the mag-
netic geometry occurs to (approximately) conserve the mag-
netic moment µ = mv2

⊥/(2B) as a lowest-order adiabatic in-
variant and is energy conserving173, we describe the elec-
tron velocity-space using energy and pitch angle coordinates
ε = E/Te = ∥v∥2/(2v2

T e), λ = µ/E = v2
⊥/(v

2B) such that

FMed3ve = ∑
σ∥=±1

exp(−ε)

(2π)3/2

B
√

2ε

2
√

1−λB
dε dλ dϑ (A7)

where the spatial variation of ∥B∥ has been suppressed, σ∥ =
sgnv∥ accounts for the direction of the longitudinal motion
and the pitch angle λ ∈ [0,1/B] accounts for the the modula-
tion of v∥,v⊥ across the bounce-orbits, with the boundaries

FIG. 8: Sketch of the finite pizza-slice-shaped contour C ,
where ϑ = arg[

√
1+ iσγ ωi,∇Bξ ] shown for a case where

σγ = sgnωi,∇B =+1, arrows indicate direction along which
the contour integral

∮

C du⊥ is evaluated. Upon taking the
limit of R → ∞, the contribution along the arclength vanishes

asymptotically, while the contribution along the inclined
segment reduces to the u⊥ integral of Eqn. (A6). To perform
the u∥ integral, we consider the contour C +C ′, where C ′ is

the pizza-slice-shaped contour obtained by reflecting C
through the origin whilst preserving continuity of the

integration path.

of pitch angle space corresponding to strongly circulating-
and (locally) deflecting trapped-particles, corresponding to
the root of

√
1−λB, respectively.

Hence for the electron resonant integral from Eqn. (9)
yields

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
3
2
4
1
3
4



29

∫

trap

ω −ωT
∗e

ω −ωde
φ̂FMed3ve =

B√
π

1/B∫

0

dλ H(λ )
φ̂(λ )√
1−λB










√
π

2
+

∞∫

0

dε
√

εe−ε ωde −ωT
∗e

ω −ωde

︸ ︷︷ ︸

Itr-el










(A8)

where H(λ ) is the Heaviside function to account for the
trapped-particle region of velocity space being exclusive to
pitch angles λ > 1/Bmax, where Bmax is the global maximum
of the magnetic field strength on the flux surface, the fre-
quency fraction was simplified analogously to the ion case,
and ∑σ∥=± → 2 as the integrand depends only on

∣
∣v∥
∣
∣. We

note that in case of γ/ωde > 0 the integral Itr-el may be directly
obtained in terms of the plasma dispersion function using its
alternative integral representation85

Z(ζ ) =
2ζ√

π

∫ ∞

0

exp
(
−z2

)

z2 −ζ 2 iff Im[ζ ]> 0, (A9)

being completely equivalent to Eqn. (16), by directly using
∥v∥/vTe rather than ε as the “energy” coordinate. However,
this validity constraint would be too restrictive for Eqn. (A9)
to be applicable throughout the full pitch-angle integration of
Eqn. (A8) as the bounce-averaged trapped-electron drift will
inevitably change sign. Thus to obtain more generally valid
results – unless either γ = 0 or ωde = 0 – we instead continue
by applying Eqn. (11) to the integral Itr-el containing the pre-
cession drift resonance, yielding

Itr-el =−ω∇ne − 3
2 ω∇Te

ω
J
(1)
tr-el +

ωT
de(λ )−ω∇Te

ω
J
(2)
tr-el (A10)

where the explicit energy dependence of the diamagnetic
drift ωT

∗e = ω∇ne +ω∇Te (ε −3/2) and precession drift ωde =

ε(2ωe,κ (1−λB)+ωe,∇BλB) ≡ εωT
de(λ ) with the bounce-

averaged quantity conveniently representing the precession
drift of a trapped-particle at thermal energy, in terms of the
following generic integral

Jm
tr-el =

ω

iσγ

∞∫

0

dξ eiσγ ωξ

∞∫

0

dε exp(−ε)ε
2m−1

2 e−iσγ εωT
de

ξ .

(A11)

For m > −1/2, the energy integral in Eqn. (A11) can be
performed analytically, facilitated by the coordinate transform

ϕ = ε
(

1+ iσγ ωT
deξ
)

, which, upon applying Cauchy’s theo-

rem to the pizza-slice-shaped contour from Figure 8 to ex-

change the line integral in C to a line integral on R, yields

Jm
tr-el =Γ

(
2m+1

2

)
ω

iσγ

∞∫

0

dξ
eiσγ ωξ

(

1+ iσγ ωT
deξ
) 2m+1

2

, (A12)

FIG. 9: Sketch of the finite skewed pizza-slice-shaped

contour C , where ϑ = arg

[√

ω/ωT
de

]

−πσγ σd,e/4,

ϕ =−arg

[√

ω/ωT
de

]

+πσγ σd,e/2 and r =

∣
∣
∣
∣

√

ω/ωT
de

∣
∣
∣
∣
,

shown for a case where σγ σd,e +1. The arrows indicate the
direction along which the contour integral

∮

C dµ is evaluated,
and ⊗ indicates the (degenerate) pole at the origin from
1/µ2m for m > 0. Upon taking the limit of R → ∞, the

contribution along the curved segment vanishes
asymptotically, while the straight-line contribution

represented by the vector R− r reduces to the integral of
Eqn. (A13).

where Γ(z)=
∫ ∞

0 tz−1e−t dt denotes the Euler gamma function.
The remaining ξ integral may also be obtained analytically,
by applying a coordinate transform to simplify the denomina-
tor. This transform, however, needs be carefully considered
such that it conserves the absolute convergence properties of
Eqns. (A11) and (A12), regardless of parameters for the eigen-
frequency or magnetic drift. The appropriate transform with
the desired properties of analyticity and absolute convergence

may be shown to be µ = −iσγ σd,e

√

ω/ωT
de

√

1+ iσγ ωT
deξ ,

where σd,e = sgnωT
de, reducing the ξ integral from Eqn. (A12)

to
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Jm
tr-el

Γ
(

2m+1
2

) ≡ Im = (−1)m+1 2iσγ σd,e

(

ω

ωT
de

) 2m+1
2

e
− ω

ωT
de

∞exp

(

iarg

[
√

ω

ωT
de

]

−i π
4 σγ σd,e

)

∫

−iσγ σd,e

√
ω

ωT
de

dµ
e−µ2

µ2m
. (A13)

Regardless of frequency or precession drift, the phase of the
upper bound is constrained to −π/4 ≤ arg µ ≤ π/4, iden-
tical to the ion case, such that integrals over the Gaussian
are asymptotically vanishing, and by integrating along the
shifted and skewed pizza-slice-shaped contour from Figure 9
we may exchange the integral to be performed along the path

µ ∈
[

−iσγ σd,e

√

ω/ωT
de,∞

)

. For m ̸= 1/2, integration by

parts leads to the recurrence relation

Im =− 2
2m−1

ω

ωT
de

(
1− Im−1) (A14)

where, for the integrals of interest with m ∈ N, the generating
integral I0 of the sequence is found as

I0 =−i
√

πσγ σd,e

√

ω

ωT
de

e
− ω

ωT
de erfc



−iσγ σd,e

√

ω

ωT
de



 (A15)

which can be written succinctly in terms of the Faddeeva
function85

W (ζ ) = exp
(
−ζ 2)erfc[−iζ ] (A16)

as I0 = −i
√

πσγ σd,e

√

ω/ωT
deW

(

σγ σd,e

√

ω/ωT
de

)

. Using

Eqns. (A13) to (A16) then yields the integrals of interest in

Eqn. (A10) as

J
(1)
tr-el

Γ
(

3
2

) =−2
ω

ωT
de



1+ i
√

πσγ σd,e

√

ω

ωT
de

W



σγ σd,e

√

ω

ωT
de









J
(2)
tr-el

Γ
(

5
2

) =− 2
3

ω

ωT
de

(

1− J
(1)
tr-el

Γ(3/2)

)

.

(A17)

Inserting Eqn. (A17) into Eqns. (A8) and (A10) matches with
Eqn. (12) in the main text, where the recurrence relation be-
tween Gamma functions85 Γ(n+ 1) = nΓ(n) and Γ(1/2) =√

π have been used to reduce the prefactors occurring in the
pitch-angle integral, the effect of H(λ ) has been accounted
for in the integration boundaries of λ , the integrals Im have
been relabelled as Jm

tr-el for increased consistency in notation
with the ion treatment, and the plasma dispersion function
Z(ζ ) = i

√
πW (ζ ) has been favoured over the Faddeeva func-

tion for historic reasons. We further note that if one sets
σγ σd,e = +1 in Eqn. (A17), then the result for Eqn. (A10)
matches with the expression for Itr-el that would be obtained if
Eqn. (A9) were directly applied to Eqn. (A8), which coincides
with validity of the former being limited to γ/ωde > 0.
Appendix B: Derivation of the slab-branch dispersion integral

In the simplified scenario of a uniform and straight mag-
netic field, the magnetic drift vanishes (ωds → 0). Addition-
ally, since the magnetic geometry does not vary along mag-
netic field lines, a description of the long-scale parallel mode
structure in terms of Fourier modes {ĝs(l), φ̂(l)} ∼ exp

(
ik∥l
)

is lucid33,47. In this parallel-wavenumber description, a so-
lution to the gyrokinetic Vlasov equation [Eqn. (3)] is read-
ily obtained, and the quasi-neutrality constraint [Eqn. (5)] re-
duces to

∑
s

q2
s ns

Ts

(

1−
∫

ω −ωT
∗s

ω − k∥v∥
J0(k⊥ρs)

2FMsd
3vs

)

= 0. (B1)

In order to solve for the kinetic integral appearing in the
slab-branch dispersion relation of Eqn. (B1), we proceed
analogously to the derivation of the resonant ion integral
in the toroidal branch presented in Appendix A 1. Using
normalised cylindrical velocity coordinates the non-adiabatic
density fluctuation may be written as
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∫
ω −ωT

∗s

ω − k∥v∥
J0(k⊥ρi)

2FMid
3vi = Γ0(bi)+

√
2π

∞∫

−∞

dx∥

∞∫

0

dx⊥
k∥vT sx∥−ωT

∗s

ω − k∥vT sx∥
Nx∥(0,1)Nx⊥(0,1)x⊥J0(

√

bix⊥)
2

︸ ︷︷ ︸

=Islab
i

. (B2)

As the Landau resonance condition in the integral Islab
s only

depends on x∥, the perpendicular velocity may be integrated
over analytically making once more use of Weber integrals104.
Meanwhile in case of γ/k∥ > 0 the remaining parallel integral
may be straightforwardly expressed in terms of plasma disper-
sion functions through Eqn. (16). However, in order to obtain
generally valid results (lest γ = 0∨ k∥ = 0), we proceed in-
stead by using Eqn. (11), substituting ωds → k∥vT sx∥, to write
the resonant denominators in terms of an auxiliary integral,
obtaining

Islab
i =−

[(

ω∇ni
− 3

2 ω∇Ti

ω

)

Γ0(bi)+
ω∇Ti

ω

d(biΓ0(bi))

dbi

]

J0
∥

+
k∥vT s

ω
Γ0(bi)J

1
∥ −

ω∇Ti

2ω
Γ0(bi)J

2
∥ (B3)

where we have introduced the parameterised integral

Jn
∥ =

ω

iσγ

∞∫

0

dξ eiσγ ωξ

∞∫

−∞

dx∥Nx∥(0,1)x
n
∥e

−iσγ k∥vT sx∥ξ . (B4)

Unlike the toroidal-resonance scenario, where the Landau res-
onance for curvature drive depends on x2

∥, the slab branch res-
onance depends linearly on x∥, hence the exponential factor

e
−iσγ k∥vT sx∥ξ cannot be consolidated into a re-scaled normal

distribution for just x∥. Instead using Eqn. (A1), it can be
shown that

eiσγ ωξ Nx∥(0,1)e
−iσγ k∥vT sx∥ξ = 2πNx∥

(
−iσγ k∥vT sξ ,1

)
Nξ

(

iσγ ω

k2
∥v2

T s

,
1

k∥vT s

)

Nω

(
0,k∥vT s

)
(B5)

hence the velocity integral in Eqn. (B4) can be performed an-
alytically after letting u∥ = x∥+ iσγ k∥vT sξ , thereby reducing
to standard Gaussian moments in u∥ once integrated along the
contour in Figure 8 by further extending the shown contour
into the fourth quadrant. The three integrals of interest in
Eqn. (B3) thus reduce to

J0
∥ = 2πNω

(
0,k∥vT s

)
J0

ξ

J1
∥ =−iσγ 2πk∥vT sNω

(
0,k∥vT s

)
J1

ξ

J2
∥ = 2πNω

(
0,k∥vT s

)[

J0
ξ −
(
k∥vT s

)2
J2

ξ

]
(B6)

where the generic integral

Jm
ξ =

ω

iσγ

∞∫

0

dξ Nξ

(

iσγ ω

k2
∥v2

T s

,
1

k∥vT s

)

ξ m (B7)

has been introduced. Analytical solutions to Eqn. (B7) may be
obtained by properly rescaling the normal distribution, how-
ever, extra care need be taken that this rescaling does not vi-
olate the convergence properties of both Eqns. (B4) and (B7)
on the semi-infinite interval. The appropriate transform may
be found to be η∥ = σk∥k∥vT s

(
ξ − iσγ ω/(k∥vT s)

2
)
, such that

Eqn. (B7) maps to

Jm
ξ =

ω

iσγ σk∥k∥vT s

∞∫

−iσγ σk∥
ω

k∥vT s

dη∥Nη∥(0,1)×
[

η∥
σk∥k∥vT s

+ iσγ
ω

(
k∥vT s

)2

]m

. (B8)
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Consequently the problem is reduced to finding the integrals

Im =

∞∫

−iσγ σk∥
ω

k∥vT s

dη∥Nη∥(0,1)η
m
∥

which through integration by parts for m > 0 may be shown
that satisfy the recurrence relation

Im =
e

ω2

2(k∥vT s)
2

√
2π

(

−iσγ σk∥
ω

k∥vT s

)m−1

+(m−1)Im−2 (B9)

while I0 = erfc

[

−iσγ σk∥
ω√

2k∥vT s

]

/2 is directly yielded in

terms of the complementary error function. Combining
Eqns. (B6) to (B9) then yields after a little bookkeeping the
resonant slab integrals as

J0
∥ =−i

√
πσγ σk∥

ω

k∥vT s

√
2
W

(

σγ σk∥
ω

k∥vT s

√
2

)

J1
∥ =

ω

k∥vT s

(

J0
∥ −1

)

J2
∥ =

ω2

(k∥vT s)2

(

J0
∥ −1

)

(B10)

where akin to the trapped-electron treatment from Ap-
pendix A 2, the Faddeeva function Eqn. (A16) has been in-
troduced. Substituting Eqn. (B10) into Eqns. (B1) to (B3)
then yields the dispersion relation for slab-ITG modes which
is generally valid unless γ = 0∨ k∥ = 0.

1+∑
j

Z2
j

n jTe

neTj

[

1−Γ0(b j)

([
ω∇n j

ω
−1

]

ξ j,∥Z
(
ξ j,∥
)

+
ω∇Ti

ω

[

ξ j,∥Z(ξ j,∥)

(

ξ 2
j,∥−

1
2

)

+ξ 2
j,∥

])

−ω∇Ti

ω
ξ j,∥Z

(
ξ j,∥
)

b j (Γ1(b j)−Γ0(b j))
]

= 0

(B11)

where the plasma dispersion function Z(ζ ) = i
√

πW (ζ ) has
been introduced in favour of the Faddeeva function to match
with typical conventions, the contribution from the kinetic
electrons has been neglected since it is smaller by a factor
of
√

me/mi than that from the ions (see below), and ξ j,∥ =

σγ σk∥ω/(k∥vTj

√
2) with σk∥ = sgnk∥. The fact that the sign

of the parallel wavenumber k∥, which effectively determines
the mode structure along the field line, should be considered
to determine the proper validity regime beyond which analyti-
cal continuation is required for the plasma dispersion function
as expressed through Eqn. (16) has also been considered in
e.g. Ref. 174. In the usual limit of a pure hydrogen plasma,
Eqn. (B11) reduces to the well-known result by Kadomtsev &
Pogutse51 for σk∥ = σγ =+1.

Asymptotic forms

The slab-branch dispersion derivation made no assump-
tions with regard to parameter values, and is thus valid for all
species, including electrons. Although trapping effects vanish
in the homogeneous plasma slab limit, the non-adiabatic elec-
tron response does not, and from Eqn. (3) with an eigenmode
ansatz of {ĝs(l), φ̂(l)} ∼ exp

(
ik∥l
)
, it follows the electron-

and ion non-adiabatic distribution function are identical un-
der exchange of subscripts i → e. What remains identical
to the toroidal branch, however, is the timescale separation
between ion- and electron motion along the field line since
vT i/vT e ≪ 1. Hence, depending on the assumption of the
eigenfrequency ω we could be in different regimes.

If we assume ω/(k∥vT i) ∼ O(1), the ions will be strongly
in resonance and we have the slab-ITG branch. In this case the
argument of the Faddeeva function in Eqn. (B10) is ostensibly
small and an expansion of Eqn. (A16) for ζ ≪ 1 is warranted,
resulting in85

J0
∥ =−i

√
πσγ σk∥

ω

k∥vT e
√

2

∞

∑
n=0

(

iσγ σk∥
ω

k∥vT e
√

2

)n

Γ
(

n
2 +1

) . (B12)

If additionally we assume that the spatial extent of the mode
to be bi ∼ O(1), then the Bessel function argument be =
biZiTeme/(Timi) ≪ 1, and the effect of FLR damping on
the electrons can be neglected. Inserting Eqn. (B12) into
Eqns. (B2), (B3) and (B9), then yields to lowest order in
vT i/vT e to a kinetic-electron density fluctuation of

∫
ω −ωT

∗e

ω − k∥v∥
FMed3ve ≈− i

√
π

√
Time

Temi

ω

k∥vT i
√

2
×

(

1− ω∇ne

ω
+

ω∇Te

2ω

)

(B13)

which is O(
√

me/mi) smaller than the kinetic-ion density
fluctuation and the adiabatic electron response, and has there-
fore been neglected in Eqn. (B11).

If by contrast we assume ω/(k∥vT e) ∼ O(1), the electrons
will strongly resonate with the mode and we have the slab-
ETG branch. For the ions, the argument of the Faddeeva
function will be large and instead an asymptotic expansion
of Eqn. (A16) for ζ ≫ 1 can be made, resulting in85

J0
∥ ∼

∞

∑
m=0

(2m)!
m!2m

(
k∥vT i

ω

)2m

, (B14)

which inserted into Eqns. (B2), (B3) and (B9) gives the
kinetic-ion density fluctuation to lowest order in vT i/vT e as

∫
ω −ωT

∗i

ω − k∥v∥
J0(k⊥ρi)

2FMid
3vi ≈Γ0(bi)

(

1− ω∇ni

ω

)

− ω∇Ti

ω
bi

dΓ0(bi)

dbi

. (B15)

In obtaining Eqn. (B14) we made use of the asymptotic ex-
pansion for the complementary error function erfc(z), whose
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validity is restricted to |argz| < 3π/4. In our case as z =
−iσγ σk∥

ω
k∥vT i

, by virtue of the sign generalisation, |argz| <
π/2, such that this expansion is always lucid except for k∥ =
0∨ γ = 0.

Appendix C: Derivation of reduced-fidelity models

1. Padé approximation to FLR effects

Applying the Padé approximation of Γ0(b̂ j) ≈ 1/(1+ b̂ j)
to the integrals of Eqn. (14) yields

J
Padé,0
j =

ω

iσγ

∞∫

0

dξ
exp
(
iσγ ωξ

)

√
1+2iσγ ω j,κ ξ

(
1+b j + iσγ ω j,∇Bξ

)

J
Padé,2
j,⊥ =

2ω

iσγ

∞∫

0

dξ
exp
(
iσγ ωξ

)

√
1+2iσγ ω j,κ ξ

(
1+b j + iσγ ω j,∇Bξ

)2

J
Padé,2
j,∥ =

ω

iσγ

∞∫

0

dξ
exp
(
iσγ ωξ

)

(
1+2iσγ ω j,κ ξ

)3/2 (
1+b j + iσγ ω j,∇Bξ

)

(C1)

where in J
(2)
j,⊥ we applied the Padé approximation for Γ0 before

evaluating its derivative. Akin to the treatment from Ref. 43,
we consider generalised parametrised versions of these inte-
grals

J
0,ν ,λ
j =

ω

iσγ

∞∫

0

dξ
exp
(
iσγ ωξ

)

√
ν +2iσγ ω j,κ ξ

(
λ + iσγ ω j,∇Bξ

)

J
2,ν ,λ
j,⊥ =

2ω

iσγ

∞∫

0

dξ
exp
(
iσγ ωξ

)

√
ν +2iσγ ω j,κ ξ

(
λ + iσγ ω j,∇Bξ

)2

=−2
d

dλ
J

0,ν ,λ
j

J
2,ν ,λ
j,∥ =

ω

iσγ

∞∫

0

dξ
exp
(
iσγ ωξ

)

(
ν +2iσγ ω j,κ ξ

)3/2 (
λ + iσγ ω j,∇Bξ

)

=−2
d

dν
J

0,ν ,λ
j

(C2)

such that Eqn. (C1) is recovered in the limits ν → 1,λ →
1+b j, and the problem is in principle reduced to finding a so-

lution of J
0,ν ,λ
j , with the remaining integrals being obtained as

derivatives, much like the BDR treatment of the drift-kinetic
case44.

As the curvature-related term is similar to the
precession-resonance appearing in the TEM approach
Eqn. (A11), we make a similar coordinate trans-
form ηκ = −iσγ σκ

√
ω/(2ω j,κ)

√
ν +2iσγ ω j,κ ξ , with

σκ = sgnω j,κ , yielding

J
0,ν ,λ
j =−2iσγ σκ

ω

ω j,∇B

√
ω

2ω j,κ
e
− νω

2ω j,κ

∞exp

(

i

(

arg

[
√

νω
2ω j,κ

]

− π
4 σγ σκ

))

∫

−iσγ σκ

√
νω

2ω j,κ

e−η2
κ

(

λ
ω j,κ

ω j,∇B
− ν

2

)
ω

ω j,κ
−η2

κ

. (C3)

By taking the ν and λ derivatives of Eqn. (C3), we arrive at the following interrelation between the three integrals from
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Eqn. (C2)

J
2,ν ,λ
j,∥ =

ω

ω j,κ

(

J
0,ν ,λ
j − 1

λ
√

ν

)

− ω j,∇B

2ω j,κ
J

2,ν ,λ
j,⊥ , (C4)

thus making one of the integrals redundant. For our purpose,
we choose this redundant integral to be J

2,ν ,λ
j,⊥ , and proceed

to find an alternative expression for J
2,ν ,λ
j,∥ . Returning to the

original expressions from Eqn. (C2), and performing partial
fraction decomposition on the denominators of J

0,ν ,λ
j , J

2,ν ,λ
j,∥ ,

we find that

J
2,ν ,λ
j,∥ = B(ν ,λ )J0,ν ,λ

j +A(ν ,λ )
ω

iσγ

∞∫

0

dξ
eiσγ ωξ

(
ν +2iσγ ω j,κ ξ

)3/2

(C5)

where A(ν ,λ ) = (ω j,κ/ω j,∇B)/(λω j,κ/ω j,∇B − ν/2) and
B(ν ,λ ) = −(λω j,κ/ω j,∇B − ν/2))−1/2 are the expansion
coefficients occurring in partial fraction decomposition of
J

0,ν ,λ
j . The remaining integral over the curvature resonance

in Eqn. (C5) is equivalent to the precession resonance integral
Eqn. (A11) (for m = 1) under the substitutions ω j,κ → ωT

de/2
and ν → 1, and thus by employing the coordinate transform
ηκ =−iσγ σκ

√
ω/(2ω j,κ)

√
ν +2iσγ ω j,κ ξ , may be similarly

simplified into Eqn. (A13) with the substitutions of µ → ηκ

and ω/ωT
de → ων/2ω j,κ in the integral bounds and exponen-

tial. It is readily verified, using the same methods as out-
lined in Appendix A 2, that these changes slightly modify the
recurrence relation (Eqn. (A14)) and generating function I0

(Eqn. (A15)) to Im =−ω/((2m−1)ω j,κ)
(
1/νm−1/2 − Im−1

)

and I0 = −i
√

πσγ σκ

√
ω/(2ω j,κ)W

(
σγ σκ

√
ων/(2ω j,κ)

)

respectively. Applying to the case m = 1 then gives

J
2,ν ,λ
j,∥ =− 1

2λ
ω j,κ

ω j,∇B
−ν

J
0,ν ,λ
j − 1

λ
ω j,κ

ω j,∇B
− ν

2

ω

ω j,∇B

×

[
1√
ν
+ i

√
πσγ σκ

√
ω

2ω j,κ
W

(

σγ σκ

√
νω

2ω j,κ

)]

,

(C6)

thereby rendering J
0,ν ,λ
j the last remaining unknown integral.

Returning to Eqn. (C3), the upper-bound of the integral
may be reduced from complex infinity to +∞ by realis-
ing that for all cases of interest ν > 0, and the upper-
bound is constraint to lie in the region |argηκ | < π/4 in
which the Gaussian asymptotically vanishes as |ηκ | → ∞,
and we integrate Eqn. (C3) along the shifted and skewed
pizza-slice-shaped-contour from Figure 9, under the map-
pings of (µ,ω/ωT

de,σd,e)→ (ηκ ,ων/(2ω j,κ),σκ). The poles

at ηκ = ±
√
(

λ
ω j,κ

ω j,∇B
− ν

2

)
ω

ω j,κ
, which are not displayed

in Figure 9, can be shown to lie outside of this con-
tour whenever λω j,κ/νω j,∇B > 0 is satisfied, or as both
ν ,λ ∈ R

+ for the application of interest to Eqn. (C1),
this requires only that ω j,κ/ω j,∇B > 0, which is the typ-
ical case for low β plasmas175. Under the assump-
tion that λω j,κ/νω j,∇B > 0, it follows that along the
full integration of η ∈ [−iσγ σκ

√
νω/2ω j,κ ,∞) we have

that sgnIm[(λω j,κ/ω j,∇B −ν/2)ω/ω j,κ −η2
κ ] = σγ σκ , and

hence by writing 1/z = (1/isgn{Im[z]})∫ ∞
0 dξ eisgn{Im[z]}zξ ,

similar to how Eqn. (11) has been applied to the resonant de-
nominator in the dispersion relation, we obtain

J
0,ν ,λ
j =−2

√
ω

2ω j,κ
e
− ων

2ω j,κ
ω

ω j,∇B

∞∫

0

dξ e
iσγ σκ

(

λ
ω j,κ

ω j,∇B
− ν

2

)

ω
ω j,κ

ξ
∞∫

−iσγ σκ

√
ων

2ω j,κ

dηκ e−η2
κ(1+iσγ σκ ξ). (C7)

We proceed by performing two consecutive co-
ordinate substitutions; u = ηκ

√
1+ iσγ σκ ξ and

p = −iσγ σκ

√
1+ iσγ σκ ξ

√
ω/2ω j,κ

√
2λω j,κ/ω j,∇B −ν ,

similar to how Eqns. (A4) and (A11) were simplified into
Gaussian integrals for the toroidal ion- and trapped-electron
resonances respectively, yielding

J
0,ν ,λ
j =−2

√
πe

−λ ω
ω j,∇B

ω

ω j,∇B

√

2λ
ω j,κ

ω j,∇B
−ν

∞∫

−iσγ σκ

√
ω

2ω j,κ

√

2λ
ω j,κ

ω j,∇B
−ν

dpe−p2
erfc







p
√

2
λω j,κ

νω j,∇B
−1







(C8)

where after each coordinate transform, we performed inte- gration along the shifted and skewed pizza-slice-shaped con-
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tour Figure 9 effectively allowing an exchange of the inte-
gral upper-bound from complex infinity to +∞, with such ex-
changes being facilitated by virtue of the sign inclusion in the
coordinate transformations which render the upper-bounds of
both variables to be constraint to |arg{u, p}|< π/4, and the u

integral has been succinctly written as an error function. The
integral appearing Eqn. (C8) may then finally be solved in
terms of special functions, by writing erfcz = 1 − erfz, we
obtain

∞∫

p0

dpe−p2
erfc







p
√

2
λω j,κ

νω j,∇B
−1






=

√
π

2
erfc[p0]+2

√
π

∞∫

p0
√

2

dχ
∂

∂ χ
T







χ,
1

√

2
λω j,κ

νω j,∇B
−1







(C9)

where we introduced the short-hand notation p0 =

−iσγ σκ

√
ω

2ω j,κ

√

2λ
ω j,κ

ω j,∇B
−ν , rescaled the second in-

tegration variable χ = p
√

2, and introduced the Owen’s
T-function158

T [z,a] =
1

2π

a∫

0

dt
e−z2(1+t2)

1+ t2 . (C10)

Evaluating the χ integral using the Fundamental Theorem of
Calculus, then, at last, yields the admittedly unwieldly expres-
sion

J
0,ν ,λ
j =− πω

ω j,∇B

√

2λ
ω j,κ

ω j,∇B
−ν

(

e
− νω

2ω j,κ ×

W

[

σγ σκ

√
ω

2ω j,κ

√

2λ
ω j,κ

ω j,∇B

−ν

]

−4e
− λω

ω j,∇B ×

T






−iσγ σκ

√
ω

ω j,κ

√

2λ
ω j,κ

ω j,∇B

−ν ,
1

√

2
λω j,κ

νω j,∇B
−1













(C11)

where we have used that limz→∞ T [z,a] → 0 provided that
a∈R, as is the case under our assumption of λω j,κ/νω j,∇B >
0, and favoured the introduction of the Faddeeva function
Eqn. (A16) over the error function. Upon setting ν = 1 and
λ = 1+b j such that we recover Eqn. (C1) from Eqn. (C2), we
note that Eqns. (C4), (C5) and (C11) reduce to Eqn. (28) from
the main text where the plasma dispersion function Z(ζ ) =
i
√

πW (ζ ) was written in favour of the Faddeeva function.

2. Zero-β drift-kinetic limit

The drift-kinetic limit is straightforwardly obtained from
Eqn. (28) by letting b j → 0. Alas, aside from simplify-
ing gκ ,∇B,b and the exponential multiplying the Owen’s T-
function, this does not yield further analytical reduction in
simpler functions. However, upon further letting ω j,κ ≈
ω j,∇B, equivalent to β ≈ 0, a significant simplification for

J0 can be achieved as gκ,∇B,b further reduces to unity in that
limit, yielding

lim
b j→0

lim
β→0

J
Padé,0
j =

ω

ω j,κ

(

i
√

πe
− ω

2ω j,κ Z

[

σγ σκ

√
ω

2ω j,κ

]

+4πe
− ω

ω j,κ T

[

−iσγ σκ

√
ω

ω j,κ
,1

])

.

(C12)

To obtain the Owen’s-T function with unit upper bound, we
rewrite Eqn. (C10) as

T [z,a] =
e−z2

2π

∞∫

0

dξ e−ξ

a∫

0

dt e−(ξ+ z2
2 )t2

(C13)

where the denominator has been written as an exponential
integral 1/α =

∫ ∞
0 dxe−αx, (Re{α} > 0), where for a ∈ R

we have that 1+ t2 ∈ R
+ along the full integration domain.

To further simply Eqn. (C13) we perform the successive
change of variables u = t

√

ξ + z2/2 and µ =
√

ξ + z2/2

such that T [z,a] = 1
2
√

π

∫ ∞√
z2/2

dµ e−µ2
erf(aµ). As a spe-

cial case, T [z,1] is then straightforwardly obtained from
integration by parts as T [z,1] = (1 − erf[

√

z2/2 ]2)/8 =

erfc[
√

z2/2 ]
(

2− erfc[
√

z2/2 ]
)

/8, which when substituted

back into Eqn. (C12) yields

lim
b j→0

lim
β→0

J
Padé,0
j =− π

2
ω

ω j,κ
e
− ω

ω j,κ erfc

[

−iσγ σκ

√
ω

2ω j,κ

]2

=− π

2
ω

ω j,κ
W

[

σγ σκ

√
ω

2ω j,κ

]2

(C14)

where we used that
√

z2/2→ z/
√

2 when |argz| ≤ π/2, which
is always the case for z =−iσγ σκ

√
ω/ω j,κ unless the growth

rate or curvature vanishes. Iterating Eqn. (C14) through
Eqns. (C4) and (C6) and setting ν = 1,λ = 1,ω j,κ = ω j,∇B

to obtain the β ≈ 0 drift-kinetic limits for J
(2)
j,∥ ,J

(2)
j,⊥, and sub-

stituting the result into Eqn. (18) then yields after some rear-
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ranging

lim
β→0

lim
b→0

hion, j →
ω

2ω j,κ

(

1−
ω∇n j

ω

)

Z2
(

σγ σκ

√
ω

2ω j,κ

)

+
ω∇Tj

ω

(

Z2
(

σγ σκ

√
ω

2ω j,κ

)
ω

2ω j,κ

(

1− ω

ω j,κ

)

−σγ σκ

√
ω

2ωκ

ω

ω j,κ
Z

(

σγ σκ

√
ω

2ω j,κ

))

(C15)

which agrees with Eqn (3) of Ref. 44 and Eqn (2.5) of Ref. 43
when considering σγ = σκ =+1.

3. Curvature model

We straightforwardly obtain the curvature-model from
Eqn. (14) by the substitutions of ω j,∇B → 0 and ω j,κ →
ω j,∇B +ω j,κ , yielding

J
curv,0
j = Γ0(b j)

ω

iσγ

∞∫

0

eiσγ ωξ

√

1+2iσγ ωeff
j,κ ξ

J
curv,2
j,⊥ = 2

d(b jΓ0(b j))

db j

ω

iσγ

∞∫

0

eiσγ ωξ

√

1+2iσγ ωeff
j,κ ξ

J
curv,2
j,∥ = Γ0(b j)

ω

iσγ

∞∫

0

eiσγ ωξ

(

1+2iσγ ωeff
j,κ ξ
)3/2

(C16)

where we have b̂ j(ξ ) = b j/(1+ iσγ ω j,∇Bξ )→ b j under these
substitutions and introduced ωeff

j,κ = ω j,κ +ω j,∇B as a short-
hand notation. Note that within the curvature model there are
only two unique resonant integrals to compute, as J

curv,2
j,⊥ can

be obtained from J
curv,0
j through simple rescaling by the ap-

propriate Bessel functions. The remaining integrals over ξ for

J
curv,0
j ,J

curv,∥
j,2 are identical to those encountered in the deriva-

tion of the TEM resonance Eqn. (A11) (for m = 0,1) under
the mapping ωT

de → 2ωeff
j,κ , such that applying this mapping to

the generating function Eqn. (A15) and the recurrence relation
Eqn. (A14) yields

J
curv,0
j =−Γ0(b j)i

√
πσγ σ eff

κ

√

ω

2ωeff
j,κ

W



σγ σ eff
κ

√

ω

2ωeff
j,κ





J
curv,2
j,⊥ = 2

(

1+b j

(
I1(b j)

I0(b j)
−1

))

J
curv,0
j

J
curv,2
j,∥ =− ω

ωeff
j,κ

(

Γ0(b j)− J
curv,0
j

)

(C17)

where the derivative of the Bessel function in J
curv,2
j,⊥ has been

expanded, and we introduced σ eff
κ = sgnωeff

j,κ . Substituting
Eqn. (C17) into Eqn. (18) and applying ω j,∇B → 0, ω j,κ →
ω j,∇B + ω j,κ mapping then gives the ion-density kernel in

the curvature model as given by Eqn. (31) in the main text
where the plasma dispersion function Z(ζ ) = i

√
πW (ζ ) was

favoured over the Faddeeva function.
As the FLR damping terms appear explicitly in Eqn. (31),

it is straightforward to apply the reduced FLR models in Sec-
tion V, for the purpose of creating hybrid reduced models.
Using the Padé approximation Γ0(b j)≈ 1/(1+b j) yields

hcurv
ion, j =

1
1+b j



−i
√

πσγ σκ

√

ω

2ωeff
j,κ

W



σγ σκ

√

ω

2ωeff
j,κ





([

1−
ω∇n j

ω
+

ω∇Tj

2ω

]

+
ω∇Tj

ω

b j

1+b j

)

+
ω∇Tj

2ωeff
j,κ

×


1+ i
√

πσγ σκ

√

ω

2ωeff
j,κ

W



σγ σκ

√

ω

2ωeff
j,κ













(C18)

where we used Γ1(b j)− Γ0(b j) = dΓ0(b j)
/

db j , with the
drift-kinetic limit being straightforwardly obtainable from
Eqn. (C18) by letting b j → 0.

4. ∇B + Padé model

The ∇B model can be mapped onto Eqn. (14) through
ω j,κ → 0 and ω j,∇B → ω j,∇B +ω j,κ , yielding

J
∇B,0
j =

ω

iσγ

∞∫

0

eiσγ ωξ Γ0

(

b j

1+iσγ ωeff
j,∇B

ξ

)

1+ iσγ ωeff
j,∇Bξ

J
∇B,2
j,⊥ =

2ω

iσγ

∞∫

0

eiσγ ωξ
(

dzΓ0(z)
dz

)∣
∣
∣
z=

b j

1+iσγ ωeff
j,∇B

ξ

(

1+ iσγ ωeff
j,∇Bξ

)2

J
∇B,2
j,∥ =

ω

iσγ

∞∫

0

eiσγ ωξ Γ0

(

b j

1+iσγ ωeff
j,∇B

ξ

)

1+ iσγ ωeff
j,∇Bξ

(C19)

where the explicit representation of b̂ j(ξ ) was used to high-
light its modification under the ∇B model, and ωeff

j,∇B =
ω j,κ +ω j,∇B is introduced as short-hand notation. We im-

mediately note from Eqn. (C19) that J
∇B,0
j = J

∇B,2
j,∥ , thus ren-

dering one of the integrals redundant, and reducing the ion-
density kernel Eqn. (18) in the ∇B model to

h∇B
ion, j = Γ0(b j)−

ω∇n j
−ω∇Tj

ω
J
∇B,0
j +

ωeff
j,∇B −ω∇Tj

2ω
J
∇B,2
j,⊥ .

(C20)

Alas, further analytical is not possible as the default ∇B

model does not alleviate the coupling between the FLR and
drift physics, but rather modifies b̂ j(ξ ) by the augmented ∇B-
drift.
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This difficulty can be alleviated by invoking the Padé
approximation Γ0(b̂ j) ≈ 1/(1 + b̂ j) for the Bessel func-

tion, where in case of J
∇B,2
j,⊥ we apply the approxima-

tion prior to evaluating the derivative, yielding the mapping
{

J
∇B,0
j ,J∇B,2

j,⊥

}

→ {J
∇B+Padé,0
j ,J∇B+Padé,1

j } in terms of the

following generic integral

J
∇B+Padé,m
j = (1+m)

ω

iσγ

∞∫

0

eiσγ ωξ

(

1+b j + iσγ ωeff
j,∇B

)m+1 .

(C21)

Using the coordinate transform η∇B =−(ω/ωeff
j,∇B)(1+b j +

iσγ ωeff
j,∇Bξ ), Eqn. (C21) can be solved analytically in terms of

J
∇B+Padé,m
j =(1+m)

(

− ω

ωeff
j,∇B

)m+1

e
−

ω(1+b j)
ωeff

j,∇B ×

∞eiarg[−iσγ ω]
∫

−
ω(1+b j)

ωeff
j,∇B

e−η∇B

ηm+1
∇B

. (C22)

By virtue of the transform, the phase of the upper-bound
is constrained to within −π/2 ≤ argη∇B ≤ π/2 regardless
whether the mode is unstable or damped, such that inte-
grals over the exponential are asymptotically vanishing, hence
by integrating Eqn. (C22) for m > −2 along the shifted
and skewed pizza-slice-shaped contour from Figure 9, we
may perform the integral along the path η∇B ∈ [−ω(1 +
b)/ωeff

j,∇B,∞) instead. For m ̸= 0 integration by parts yields
the recurrence relation

J
∇B+Padé,m
j =− ω

ωeff
j,∇B

1+m

m

(

1
(1+b j)m

−
J
∇B+Padé,m−1
j

m

)

(C23)

with generating integral of the sequence being m = 0

J
∇B+Padé,0
j =− ω

ωeff
j,∇B

e
−

ω(1+b j)
ωeff

j,∇B E1

(

−ω (1+b j)

ωeff
j,∇B

)

(C24)

where E1(z) =
∫ ∞

z dt e−t/t is the exponential integral. Note
that alternative to using Eqn. (C23), one could also find

J
∇B+Padé,1
j = −2 dJ

∇B+Padé,0
j

/

db j , which using the prop-

erties of the generalised exponential integral85 En(z) =
∫ ∞

1 dt e−zt/tn, can be shown to match with Eqn. (C23) for
m = 1, in case of ωR/ωeff

j,∇B < 0. It should be noted that

the recurrence relation Eqn. (C23), however, is only lim-
ited in validity to (ωeff

j,∇B,γ) ̸= (0,0), and is otherwise an
exact result. Combining Eqns. (C23) and (C24) to obtain
Eqn. (C21) and inserting into Eqn. (C20) along with setting
Γ0(b j) → 1/(1+ b j) to consistently apply the Padé approx-
imation then yields Eqn. (33) from the main text. The DK
limit is then straightforwardly obtained by setting b j → 0 in
Eqn. (33).
Appendix D: Strongly-driven limit of charge-density kernels

In typical drift-wave ordering, the mode frequency scales
as8,48,51,156 ω ∼ ω∇ne , hence as the gradients are increased,
the mode frequency will satisfy ωds/ω ≪ 1 in the thermal
bulk, and consequently resonances with the toroidal drift are
weak as they are driven by particles in the tails of the distribu-
tion function.

In such scenarios, it is lucid to expand the integrands in the
ion-resonance integrals Eqn. (14) for ω j,κ/ω ∼ ω j,∇B/ω ≪
1. Such frequency ratios can explicitly be enforced, to pro-
vide a formal basis for these expansions, by the coordinate
transform ζ =−iσγ ω , yielding

J
(0)
j =

∞eiarg[−iσγω ]
∫

0

dζ

e−ζ Γ0

(

b j

1−
ω j,∇B

ω ζ

)

√

1−2
ω j,κ

ω ζ (1− ω j,∇B

ω ζ )

J
(2)
j,⊥ = 2

∞eiarg[−iσγω ]
∫

0

dζ

e−ζ dzΓ0(z)
dz

∣
∣
∣
z=

b j

1−
ω j,∇B

ω ζ
√

1−2
ω j,κ

ω ζ (1− ω j,∇B

ω ζ )2

J
(2)
j,∥ =

∞eiarg[−iσγ ω]
∫

0

dζ

e−ζ Γ0

(

b j

1−
ω j,∇B

ω ζ

)

(

1−2
ω j,κ

ω ζ
)3/2

(1− ω j,∇B

ω ζ )

.

(D1)

In Eqn. (D1) the singularities at ζ ∗
∇B = ω/ω j,∇B and ζ ∗

κ =
ω/(2ω j,κ) have a fixed phase of argζ ∗

{κ,∇B} = argω +π(1−
σ{κ,∇B})/2 where σ{κ,∇B} = sgnω j,{κ,∇B} is the sign of drift
associated with the singularity, which do not intersect with
the straight-integration path ζ ∈ [0,∞earg[−iσγ ω ]), at constant
phase of argζ = ω −πσγ/2. Consequently, as this path is fur-
ther constraint to lie within the region |argζ |< π/2 where the
exponential function is asymptotically vanishing, an evalua-
tion of Eqn. (D1) along the pizza-slice-shaped contour of Fig-
ure 8 allows to perform the integrals along the path ζ ∈ [0,∞)
instead by virtue of Cauchy’s theorem. By additionally re-
placing each term in Eqn. (D1) containing the small parame-
ters ω j,∇B/ω ≪ 1 and ω j,κ/ω ≪ 1 by its first-order Taylor
expansion we obtain
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J0
j ≈

∞∫

0

dζ e−ζ
(

1+
ω j,∇B

ω
ζ
)(

1+
ω j,κ

ω
ζ
)(

Γ0(b j)+b j

dΓ0(b j)

db j

ω j,∇B

ω
ζ

)

+O

((ω j,∇B

ω

)2
,
(ω j,κ

ω

)2
)

≈Γ0(b j)

(

1+
ω j,∇B +ω j,κ

ω

)

+b j [Γ1(b j)−Γ0(b j)]
ω j,∇B

ω
+O

((ω j,∇B

ω

)2
,

ω j,∇Bω j,κ

ω2 ,
(ω j,κ

ω

)2
)

J
(2)
j,⊥ ≈2

∞∫

0

dζ e−ζ
(

1+2
ω j,∇B

ω
ζ
)(

1+
ω j,κ

ω
ζ
)
(

d(b jΓ0(b j))

db j

+b j

d2 (b jΓ0(b j))

db2
j

ω j,∇B

ω
ζ

)

+O

((ω j,∇B

ω

)2
,
(ω j,κ

ω

)2
)

≈2
(

(Γ0(b j)+b j [Γ1(b j)−Γ0(b j)])
(

1+
ω j,κ

ω

)

+
ω j,∇B

ω
(b j [Γ1(b j)−Γ0(b j)] (3−2b j)+Γ0(b j)(2−b j))

)

+

O

((ω j,∇B

ω

)2
,

ω j,∇Bω j,κ

ω2 ,
(ω j,κ

ω

)2
)

J
(2)
j,∥ ≈

∞∫

0

dζ e−ζ
(

1+
ω j,∇B

ω
ζ
)(

1+3
ω j,κ

ω
ζ
)(

Γ0(b j)+b j

dΓ0(b j)

db j

ω j,∇B

ω
ζ

)

+O

((ω j,∇B

ω

)2
,
(ω j,κ

ω

)2
)

≈Γ0(b j)

(

1+
ω j,∇B +3ω j,κ

ω

)

+b j [Γ1(b j)−Γ0(b j)]
ω j,∇B

ω
+O

((ω j,∇B

ω

)2
,

ω j,∇Bω j,κ

ω2 ,
(ω j,κ

ω

)2
)

(D2)

where all ζ integrals are evaluated using the Euler gamma
function Γ(n+ 1) = n!, and the recurrence relation between
the modified Bessel functions of first-kind In

85 were used to
evaluate the derivatives of Γ0(b j). In Eqn. (D2) only first-
order effects in ω j,κ/ω and ω j,∇B/ω were retained, since
the quadratic and higher-order terms caused by the products

of the expansions are spurious, resulting in erroneous coeffi-
cients as they lack the proper contributions from the second-
and higher-order Taylor expansions of the integrand terms.

Substituting Eqn. (D2) into Eqn. (18) then gives the
strongly-driven limit for the ion-density kernel after some re-
arrangement as

hstr.drive
ion, j ≈Γ0(b j)

[

1−
ω∇n j

ω
+

ω j,κ +ω j,∇B

ω
−
(
ω∇n j

+ω∇Tj

)
(ω j,∇B +ω j,κ)

ω2 +b j

ω∇Tj
ω j,∇B

ω2

]

+b j (Γ1(b j)−Γ0(b j))

[

ω j,∇B

ω
−

ω∇Tj

ω
−

ω j,∇B

(
ω∇n j

+ω∇Tj

)

ω2 −
ω∇Tj

(ω j,κ +ω j,∇B)

ω2 +2b j

ω∇Tj
ω j,∇B

ω2

]

(D3)

where quadratic terms in ω j,∇B/ω ∼ ω j,κ/ω ≪ 1 arising
from multiplication with frequency prefactors have been ne-
glected, as such higher-order terms would be spurious for the
aforementioned reason.

With regards to the trapped-electrons, the strongly driven-
limit of ωe,κ/ω ∼ ωe,∇B/ω ≪ 1 is equivalent to ωT

de/ω ≪
1, hence one could one could take the proper asymptotic
limit for the plasma dispersion function in the trapped-
electron resonant integrals Eqn. (15). However, extra care
must be taken when the bounce-averaged drift is marginally
close to vanishing rather than finite. In the limit that

ωT
de/ω → 0, whilst

√

ω/ωT
de will approach complex infin-

ity, simultaneously W

(

σγ σd,e

√

ω/ωT
de

)

vanishes asymp-

totically. When the bounce-averaged drift becomes vanish-
ingly small – which shall always be achieved by some popu-

lations of trapped-particles as the drift-wells must have roots
in order for the passing particle drift to vanish on a transit-
average – the trapped-electron energy integral Itr-el Eqn. (A10)
has an almost trivially well defined limit. The intricacy
of complex infinities in the analytical solution Eqn. (15)
is an unphysical aftermath from the coordinate transform

µ = −iσγ σd,e

√

ω/ωT
de

√

1+ iσγ ωT
deξ , considered in Ap-

pendix A 2 to simplify the emergent integrals of Eqn. (A11),
breaking down when the bounce-averaged drift vanishes.

If instead we invoke the same ζ = −iσγ ωξ coordinate
transform considered for the ions, these integrals are rendered
as

Jm
tr-el = Γ

(
2m+1

2

) ∞∫

0

dζ
e−ζ

(

1− ωT
de

ω ζ

) 2m+1
2

(D4)
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where we have performed integration along the pizza-slice-
shaped contour from Figure 8 to reroute the integration path
along the real-line, valid for similar arguments as in the
ion case. As Eqn. (D4) is continuous in ωT

de, the strongly-

driven limit may be used to smoothly connect the solutions
to Eqn. (A11) between asymptotically small and completely
vanishing drifts, where upon applying the binominal expan-
sion to the denominator we have

Jm
tr-el

Γ
(

2m+1
2

) = Im ≈
∞∫

0

e−ζ

(

1+
2m+1

2

ωT
de

ω
ζ +

(2m+1)(2m−1)
8

ζ 2

)

+O





(

ωT
de

ω

)3




≈ 1+
2m+1

2

ωT
de

ω
+

(2m+1)(2m+3)
4

(

ωT
de

ω

)2

+O





(

ωT
de

ω

)3


 (D5)

where we have defined Im analogous to Eqn. (A13), and
maintained the expansion up to second order, as it insight-
fully reveals that the recursive relation Eqn. (A14) remains
maintained up to first order in ωT

de/ω for all m ̸= 1/2 if
one delays truncation. In fact, it is straightforward to show

that Eqn. (A14) remains valid up to order O

((

ωT
de/ω

)N
)

if one truncates the binomial expansion at (N + 1)th order.
Note that Eqn. (D5) is always well-defined, including when
ωT

de → 0. When the bounce-averaged drift is finite, but still

sufficiently small for the strongly-driven limit ωT
de/ω ≪ 1 to

be applicable, an asymptotic expansion of the Faddeeva func-
tion Eqn. (A16) for ζ ≫ 1 in the analytical solutions Eqn. (15)
yields85

I1 ∼
∞

∑
m=0

(2(m+1))!
(m+1)!22m+1

(

ωT
de

ω

)m

I2 ∼1
3

∞

∑
m=0

(2(m+2))!
(m+2)!22m+2

(

ωT
de

ω

)m (D6)

where we accounted for the notational difference that the Jm
tr-el

as appear in the main text are actually the integrals Im as
mentioned in Appendix A 2 for consistency, and note that the
first three terms of Eqn. (D6) agree with Eqn. (D5) for both
m = 1,2, showing consistency between the analytical solution
and the strongly-driven limit for trapped-particles not subject
to a marginally vanishing bounce-averaged drift. In obtaining
Eqn. (D6), the large-argument asymptotic expansion of the
erfc(z) was used, which is valid only when |argz|< 3π/4. For

the resonant TEM integrals z = −iσγ σde

√

ω/ωT
de, whose ar-

gument is always constrained within |argz| ∈ (0,π) and hence
always lies in applicable range by virtue of the sign general-
isation gained from the chain of integral transforms used to
obtain the plasma dispersion function.

Inserting Eqn. (D5) into Eqn. (18), and taking into ac-
count that the Jm

tr-el as appear in the main text are actually
the integrals Im as mentioned in Appendix A 2, we obtain the
strongly-driven limit for the trapped-electron pitch-angle den-

sity kernel as

Kstr.drive
tr-el ≈ 1

2

(

1− ω∇ne

ω

)

+
3
4

ωT
de

ω

(

1− ω∇ne +ω∇Te

ω

)

(D7)

where quadratic and higher-order terms in ωT
de/ω have been

neglected to keep the expansion consistent with Eqn. (D3) for
the ions.

Application to reduced models

Here we will only focus on the effect of reduced models on
the ion-density kernel, since the trapped-electron pitch-angle
density kernel Eqn. (D7) is only moderately affected by the
choice of the drift model through modification of the bounce-
averaged drift Eqn. (34), with the trapped-electrons response
already assumed to be drift-kinetic.

As the curvature- and ∇B models of the magnetic drift can
be mapped onto the “full drift” scenario by setting the name-
sake drift-component equal to the full drift ω j,α → ω j,κ +
ω j,∇B whilst making the other component vanish ω j,̸=α → 0,
where α = {κ,∇B}, the appropriate strongly-driven limit for
the reduced drift models whilst retaining the full FLR effects
are readily obtained by making the suitable substitutions to
Eqn. (D3). This substitution ensures that the relative qualita-
tive aspect of the toroidal drift-driven instability mechanism
with respect to the full resonant integrals remains conserved
across the reduced models. Perhaps enlightening, the explicit
form of Eqn. (D3) reveals that much of the physics in the
strongly-driven limit does not depend on a particular com-
ponent, but rather the combined magnetic drift ω j,κ +ω j,∇B,
hence leaving those terms unaffected. Rather, as the few sym-
metry breaking terms between the drift components are all
proportional to ω j,∇B, these terms are either completely sup-
pressed or enhanced, by adopting the reduced drift model.

For the suitable strongly-driven limit of the reduced FLR
models, we reconsider Eqn. (C2) considered for the Padé
approximation of the Bessel functions, as for the reduced
FLR models the resonant integrands are directly modified
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and thus cannot be straightforwardly mapped onto the orig-
inal “full FLR” model by making an appropriate substitu-
tion to Eqn. (D3). For the the integrals of Eqn. (C2) we
proceed analogous to the TEM resonant integral by applying

the change of coordinates ζ =−iσγ ωξ , integrating along the
pizza-slice-shaped contour from Figure 8 to reroute the inte-
gration path along the real-line as the emerging singularities
ζ ∗,Padé

κ = νω/(2ω j,κ and ζ ∗,Padé
∇B = λω/(ω j,∇B) lie outside of

the contour given λ ,ν > 0, resulting in

J
0,ν ,λ
j =

∞∫

0

dζ
e−ζ

√

ν −2
ω j,κ

ω ζ
(

λ − ω j,∇B

ω ζ
)

≈ 1

λ
√

ν

(

1+
νω j,∇B +λω j,κ

λνω
+

2(νω j,∇B)
2 +2λνω j,∇Bω j,κ +3(λω j,κ)

2

(λνω)2

)

+O
(
δ 3)

J
2,ν ,λ
j,⊥ =2

∞∫

0

dζ
e−ζ

√

ν −2
ω j,κ

ω ζ
(

λ − ω j,∇B

ω ζ
)2

≈ 2

λ 2
√

ν

(

1+
2νω j,∇B +λω j,κ

λνω
+

6(νω j,∇B)
2 +4λνω j,∇Bω j,κ +3(λω j,κ)

2

(λνω)2

)

+O
(
δ 3)

J
2,ν ,λ
j,∥ =

∞∫

0

dζ
e−ζ

(

ν −2
ω j,κ

ω ζ
)3/2(

λ − ω j,∇B

ω ζ
)

≈ 1

λν3/2

(

1+
νω j,∇B +3λω j,κ

λνω
+

2(νω j,∇B)
2 +6λνω j,∇Bω j,κ +15(λω j,κ)

2

(λνω)2

)

+O
(
δ 3)

(D8)

where for each integral in the subsequent step we per-
formed a binomial expansion of the terms in the denomi-
nator, retaining all terms up to second order in ω j,∇B/ω ∼
ω j,κ/ω ∼ δ ≪ 1 and O

(
δ 3
)

is a shorthand notation for

O

((
ω j,∇B

ω

)3
,
(

ω j,κ

ω

)3
,

ω j,∇Bω2
j,κ

ω3 ,
ω2

j,∇Bω j,κ

ω3

)

accounting for

all combinations of cubic order terms. In particular by re-
taining second order effects in J

0,ν ,λ
j but truncating both

J
2,ν ,λ
j,⊥ ,J2,ν ,λ

j,∥ at first order, the interrelation Eqn. (C4) between

these integrals holds up to first order in ω j,κ/ω ∼ ω j,∇B/ω ∼
δ as well, and like the TEM case, one may show that this
interrelation continues being valid up to O

(
δ N
)

if the bi-

nomial expansions for J
0,ν ,λ
j ,J2,ν ,λ

j,⊥ ,J2,ν ,λ
j,∥ are truncated at

(N +1)th,Nth,Nth order respectively.
Upon setting ν → 1,λ → 1+ b j we note that the expres-

sions for J
0,ν ,λ
j and J

2,ν ,λ
j,∥ from Eqn. (D8) match with the

equivalent expressions of J0
j and J

(2)
j,∥ from Eqn. (D2) if the

Bessel functions are Padé expanded (recalling that Γ1(b j)−
Γ0(b j) = dΓ0(b j)

/
db j ≈ −b j/(1+ b j)). The expression for

J
2,ν ,λ
j,⊥ , however, slightly deviates from the equivalent Padé ex-

pansion of J
(2)
j,⊥ from Eqn. (D2) by

∆Padé,str. drive ≡ J
(2)
j,⊥− J

2,1,1+b j

j,⊥ =−
2b2

j(1−b j)

(1+b j)3

ω j,∇B

ω
(D9)

where the expression is to be understood to be only valid in the
strongly-driven limit and when considering the Padé approx-

imation to be applied to the Bessel function in J
(2)
j,⊥. Using

Eqn. (D9), the strongly-driven limit for the ion-density kernel
under Padé approximation is then straightforwardly obtained
as
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h
Padé, str. drive
ion, j ≈ 1

1+b j

[

1−
ω∇n j

ω
+

ω j,κ +ω j,∇B

ω
−
(
ω∇n j

+ω∇Tj

)
(ω j,∇B +ω j,κ)

ω2 +b j

ω∇Tj
ω j,∇B

ω2

]

− b j

(1+b j)2

[

ω j,∇B

ω
−

ω∇Tj

ω
−

ω j,∇B

(
ω∇n j

+ω∇Tj

)

ω2 −
ω∇Tj

(ω j,κ +ω j,∇B)

ω2 +2b j

ω∇Tj
ω j,∇B

ω2

]

+∆Padé,str. drive ω∇Tj

2ω

=
1

1+b j

[

1−
ω∇n j

ω
+

ω j,κ +ω j,∇B

ω
−

ω∇n j
(ω j,∇B +ω j,κ)

ω2 −
ω∇Tj

(ω j,κ −ω j,∇B)

ω2

]

− b j

(1+b j)2

[

ω j,∇B

ω
−

ω∇Tj

ω
−

ω j,∇B

(
ω∇n j

−ω∇Tj

)

ω2 −
ω∇Tj

ω j,κ

ω2

]

− 2
(1+b j)3

ω j,∇Bω∇Tj

ω2 (D10)

where only terms up to first order in δ were retained for con-
sistency across the various strongly-driven models.

The fact that the discrepancy Eqn. (D9) applies only to J
(2)
j,⊥

can be traced back to the fact that within the strongly-driven

limit J0
j and J

(2)
j,∥ are fully characterised by just Γ0 and its first

derivative, which are closely approximated by the Padé ap-
proximation since Γ0(b j) ≈ 1/(1+ b j) has an identical first-
order Maclaurin series as Γ0(b j)

176, whilst information about

the second derivative is embedded into J
(2)
j,⊥, whose behaviour

is thus not closely followed by the Padé approximation. As
this second-derivative term is multiplied by ω j,∇B/ω , ex-
plaining the proportionality from Eqn. (D9), any discrepancy
between the Padé approximation of the strongly-driven limit
and the strongly-driven limit of the Padé approximation van-
ishes for the curvature model. This agrees with the above
observation, since the underlying equations of the curvature
model Eqn. (C16) only involve Γ0(b j) and its first derivative.

Lastly, in the drift-kinetic limit of b j → 0 we obtain from
both Eqns. (D3) and (D10)

h
DK,str.drive
ion, j ≈1−

ω∇n j

ω
+

ω j,κ +ω j,∇B

ω

−
(
ω∇n j

+ω∇Tj

)
(ω j,∇B +ω j,κ)

ω2 (D11)

such that the discrepancy between the Padé approximation
and the full-FLR model vanishes. This re-matching between
Padé and full-FLR solution can be traced back to the van-
ishing of the d2 (b jΓ0(b j))

/

db2
j term in the expression for

J
(2)
j,⊥ in Eqn. (D2) in this limit, such that only Γ0(b j) and

its first-derivative, evaluated at b = 0, make an explicit ap-
pearance in the drift-kinetic limit of the ion-density kernel.
Meanwhile, as the first-order Maclaurin series of 1/(1+ b j)
matches that of Γ0(b j), the Padé approximation accurately
both predicts Γ0(b j) and its first derivative at b j = 0, caus-
ing the coefficients of the surviving terms to match. Ad-
ditionally we note that any further discrepancy between the
various approximations for the drift models Eqn. (29) also
vanishes, as Eqn. (D11) only depends on the sum of the
drift components ω j,∇B +ω j,κ , which through the mappings
ω j,α → ω j,κ + ω j,∇B and ω j, ̸=α → 0 for α = {κ,∇B} re-
mains invariant, conform the findings from Ref. 72.
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