Mid-term test Plasma Physics, 2 November 2009

The numerical calculations are in the accompanying Mathiemaotebook
(m dt er mexanR009. nb) and the .pdf-image thereof.

1 (a0pt)

Consider charged particles in the dipole magnetic field arond the Earth. In the equatorial
plane, the field strength equalsB = mg/R? where the Earth’s dipole moment ismp =
8.8x10'"Tm?® and R is the distance to the Earth’s centre. The direction ofB is north. Take
the Earth’s radius to be Rz = 6500 km and the surface accelaration of gravityd.8 m/s2.
(@) In which directions are the drift velocities for protons and electrons in the Earth’s
dipole field, due to the gravitational force?

The particles drift perpendicular to the field (north) and tbrce (downward).

The direction is opposite for electrons (westward) andgrst(eastward).

(b) Give the gravitational drift velocity for electrons and for protons at a distance3Rg
from the Earth’s centre, in the equatorial plane.

The gravitational drift equals, = mg/qB (p. 20, lecture notes). HetB = mg/(3Rg)* =
1.187 x 10~*T and the acceleration of gravityis (R/Rg)? = 9 times smaller than on the
Earth’s surface. For electrons and protons:

vge = 5.216 x 107°m/s v, = 9.578 x 10"°m/s

(c) Atthe same position, give the cyclotron frequencies foelectrons and protons.
The cyclotron frequencies are given Qy= ¢B/m,

Q. = 2.087 x 107rad/s Q., = 1.137 x 10*rad/s

(d) At the same position, give the gyro-radius of a proton wih kinetic energy £, = 1eV
perpendicular to B.
The perpendicular velocity is; = /2E,/m,. To get the result in Sl units, use 1e¥

1.6022 x 107'J. The gyro-radius is = m,v, /eB = \/2m,E, = 1.22m.

(e) Forthe proton in question 1(d), compute theéV B drift velocity and clearly indicate its
direction.
The V B-drift, given by the first term in Eq. (74) is
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2 (30 pt)

Consider hydrogen plasma in the solar photosphere with an ettron density of n, =
102°m~3 and temperature 6000 K.

(&) What is the ionization degreen; /n, of hydrogen according to Saha’s equation?

Eq. (2) of the lecture notes is a plug-in formula, taking tamperaturel’ in Kelvin. The
ionization-energy cooresponds to a temperafijjéz = 13.6 eV x 1.16 x 10°K/eV = 1.58 x
10°K. Hence,

T 9.4 5 1070 T 2e BRET — 491 x 107,
o

(b) Compute the plasma frequencyw,, the Debye length\,, and the number of particles
Np in the Debye sphere (sphere with radius\p).

The plasma frequency, the Debye length, and the plasma pteaare given by egs. (6), (15),
and (19), respectively. One finds

w,=5.64x 10"rad/s  Ap=3.78 x107'm,  Np = 22.6.

Note that Eq. (15) for\, includes screening by electrons as well as ions. Formular8ch
includes only electron screening, gives a fagit higher value of\, and a factor/8 higher
value of Np. These results are accepted too.

(c) State the definition of an ideal plasma and indicate (witharguments) if the photo-
spheric plasma is ideal.

A plasma is ideal if the kinetic energy of the particles amgdéacompared to the interaction
energy. The inequalitvp > 1 implies this. SinceNp = 22.6 > 1, the plasma is indeed
ideal. Those who gave this inequality but doubted if 22.6 lsaronsidered sufficiently large,
also received full marks.

(d) Calculate the electron collision timer, and the mean free path,, ,.
Use the plug-in formulas (36) and (39) far and the Coulomb logarithm. These require the
temperature in keVkpT /e = 0.517 eV = 5.17 x 10~*keV. The mean free path is,,;, =

TeUhe = Ter/ kT /m.. The results are

7. =1.68x10""%, X, =5.06x 107°m.

(e) Explain whether longitudinal plasma waves with angularfrequency w; = 10%s™!
propagate in this plasma. And with frequencyw, = 10*?s71? In case(s) where the wave
propagates, compute the wave lengtr /k. One sees from the dispersion relation (127) for
longitudinal wavesw® = w2, (1 + vk*)7,), that waves only propagate for frequencies- w,,
whih is the case fow, but not forw,. Either expression in (127) can be used to calcutate

Me 1 w?
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In Section 5.2 it is explained that= 3, which we take here, but = 5/3 is also accepted. The
resulting wavelength is

1.

2
% — 3.975 x 10~5m.



Note that in Chapter 5, the Boltzmann constaptwas systematically omitted, which means
that the temperature was always understood to be the ehgfy No marks were subtracted
for numerically different results in (2e) caused by omitin.



3 (30 pt)

In a tokamak, a fusion plasma with central temperature k7" = 5 x 103eV and electron
density n, = 10*°m~2 is confined in a magnetic field of5s T. Assume that the electron col-
lisiontimeist, = 7 x 107 5s.

(a) Give the energy exchange time between electrons and ions

Obtain the energy exchange time from Eq. (38) with= 2m,, for deuterons,

m;

T. = 0.1285s

7’62-:
e

(b) Give the electric resistivity in the plasma centre.
From Eq. (45) one obtains the resistivity

Me

= 4.07 x 107°Qm.

n= 2
Ne€Te

(c) A loop voltage of3V is induced toroidally around the torus. Compute the induced
current density in the plasma center (major radius R = 6m). The loop voltage over a
circular circumference of lengthw R implies an electric field® = V/(27 R), which by Ohm’s
law yields an induced current density

E V

— = = 1.57 x 10"A/m?2.
n  2mRn
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(d) Roughly estimate average density and temperature gradnts from the fact that the
plasma has a circular cross section with minor radius- = 2m. Based on these estimates,
compute the diamagnetic current density.
Basic estimates of the gradients are giveriBy:| ~ n/r and|VT| ~ T'/r. The diamagnetic
current can be found from Egs. (96) or (97),

. |Vp| o QHkBT

- _ N
Jdia 5 B 1.602 x 10*A/m=.

(e) Assume that the density and temperature are monotonic fuctions of the minor radius
with a maximum in the plasma centre. Give qualitative sketcles of the induced current
density profile and the diamagnetic current density profile &ross a horizontal plasma
Cross section.

The resistivity is proportional tg o« 7-%/2. Therefore the induced current density will be
Jima o< T3/?, peaked in the center of the plasma just like the temperafiire direction of the
induced current is toroidal.

The diamagnetic current is proportionalNp and therefore zero at the plasma center, where
is maximal. Less obviously/p also vanishes at the plasma edge. Therefigsgis maximal at
intermediate radii where the pressure profile is steepeshahnges sign in the plasma center.
(More precisely: the direction aof is almost poloidal since it is perpendicular By which is
almost toroidal, and’p, which is radial.)



