Solution exercise “Magnetic islands”

An axisymmetric magnetic field can always be written as
B =V¢xVi+ F(¢)Vo,

where¢ is the toroidal angle an&¢ - Vi = 0.
a. Show thatV - B = 0 and the field lines lie in the surfaces given by) = constant.
We haveV - B = ( because

V- (Vé x Vi) = (V x Vo) - Vib — (V x Vi) - Ve = 0, v(Fv(;s):C;—fw-w:o.

Field lines lie in constant surfaces becaud8 - V¢ = 0.
Show that on any given magnetic surface the toroidal field coponent is inversely propor-
tional to the distance to the symmetry axis.
On a constant> surface,B;,. = F'(¢)|V¢| is proportional tdV¢| = 1/R.
b. We now build a simplified, “straight” model of the magnetic surfaces that imitate
a torus with minor radius r and major radius R. To this end we introduce cartesian co-
ordinates (z,y, z): z is de radial coordinate, y is the poloidal coordinate (periodic for
y — y + 27r), and z is the toroidal coordinate (periodic for 2 — z 4+ 27 R). The axisym-
metric field becomes

B=(zxV¢y+ F(x)2)/R

This simplifies to B = (F(x)z + (di/dx)y)/R becausey = ¢ (x). Show that the safety
factor is ¢(x) = rF'/(R dy /dz). Compute the current density J.
Following a field line, the ratio between “toroidal revolutis” and “poloidal revolutions” is
_ 2mr @ _r % B rF
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c. Consider the special casé'(z) = BoR and ¢(z) = 3JouoRz?. Show that in this case
the current density is constant.
The current density is

1 1
J=—VxB=—V x(Byz+ Jouory) = Jox x y = Joz.
Ho Ko

Compute the safety factor profileq(x) and the magnetic shears = (dq/dx)z/q.
The safety factor ig(z) = rBy/(JopoRx) So thats(z) = —1.
d. Take once moreF'(x) = ByR so that the magnetic field has the form

B =2 x Vi)/R + Byz.

However, now introduce a helical symmetric perturbation with poloidal wave number m
and toroidal wave number n by introducing vy, z dependencies in):

1 9 m n
P = §J0,u0Rx + Cos(7y — ﬁz)

Show that still V - B = 0, but that {)=constant no longer determines a magnetic surface.

V-B=(VxV) 2/R=0.



We conclude that field lines do not lie ifrconstant surfaces because:

. _ 00 Byt . m - n
B -V = DByz Vw—BOaZ— I sm(ry Rz);«é(].

e. Itturns out, that magnetic surfaces are given by)*=constant with

L 1 9 m n
Yt = §JouoR(x — ;)" + cos(?y — EZ)
for a suitable value of z,. Determine this so-called resonance radius, and show that
y*=constant indeed gives magnetic surfaces. Determinéz,.).
In order fory* to determine magnetic surfaces, we need to Havévy* = 0. For arbitraryz.,.
we have

B V" = %(2 X V) - V(" — ) + By - Vi = —%(2 X V) - JopoRa, & + Boz - Vi

. . m n
=z, Jopoy - VY + Boz - Vb = —1)y (J0M0$r7 + BOE);

which vanishes ifc, = Bonr/(JouomR). At that positiong(x,) = m/n.

f.  Sketch lines of constant)* in the (z, y)-plane in the neighbourhood ofr = z,. Assume
for convenience thatJ, and ¢, are both positive. What is special about the line(sp* = ¢, ?
Aroundz = z,, ¢* increases in the positive and negatisdirections. On the line = x,., ¥*
oscillates in they-direction between minima* = —; and maxima)* = ;. So the points

x = z,,y = 2nkr/m are minima inc and maximairy. They are therefore saddle points, where
two contourg)* = 1 intersect. Hence the name “X-point”. The equation for thes#ours is

_ Jopo R

1 (z — x,)? + )y cos(my/r) =

2
_ | ¥ 1= cos(my/r) _ |
z(y) =z, + ookt \/ 5 =z, £ ookt sin(my/2r).

What is special about the point(sy)* = —;?

These points are local minimaf(m, y), and therefore surrounded by closed contatirsconstant.
Hence the name “O-point”.

g. What is the maximal distance in thez-direction between they* = v, lines?

From the expression far(y) in answer (f) one sees that the magnetic island widkis / Jo o R) /2.

h. Give the current density in the z-direction including perturbation.

_ (! m?
4o dz* Oy

1 ,0B, 0B, 1 0% 0%
J, = _( 8xy o ) — ,uOR( ) = Jy— N cos(my/r).
For which value of y is the current density maximal? For which value ofy is it minimal?
(CORRECTION: original question asked for 2)
The current is minimal foyy = 27kr/m, i.e., in the X-points. The current is maximal for
y = m(2k + 1)r/m, i.e., in the O-points.



