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The tokamak magnetic field

It is important to know the tokamak magnetic field accurately
e The field determines the particle orbits

e The field determines energy and particle confinement
The magnetic field in tokamaks is determined by

1. Currents in the coil system

2. Conductors near the plasma

3. The plasma current distribution

4. The plasma pressure distribution

e Challenges:
- The plasma current distribution is hard to measure accurately
- The plasma pressure depends on the magnetic field (B-Vp =~ 0)



MHD equilibrium
Ideal MHD equilibria are determined by the balance between plasma pressure
and magnetic force,

Vp=3xB with 3=V XxB.

Hopf’s theorem: In a bounded region where Vp # 0, the force balance (with
the conditions V-B = 0 and V-3 = 0) implies:

e The surfaces of constant p are tori (simply nested or braided)

e The field lines of B and 3 lie in these surfaces.

e The field lines either:
- close after a finite number of toroidal revolutions

- cover the surface ergodically.
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| resultant helical field
e The tokamak fields are approximately axisymmetric.
e \We shall neglect some sources of errors:
- The toroidal field is generated by a discrete set of colls
- “Tokamak equilibrium” usually slowly evolves
(plasma heating, cooling, current diffusion)
- “Tokamak equilibrium” usually describes a turbulent plasma, including
current and magnetic field fluctuations.
e MHD equilibrium is a fair description of the intermediate timescales.
e Fluctuations are relatively unimportant for toroidal averages.



Axisymmetric equilibrium

In order to describe axisymmetric equilibria, we use the following coordinate

system:
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Since 0/0¢ = 0, Gauss’ law is

_vup_ 1.0 0Bz
0=VB = %5 (RBp)+5~, -

—> B in terms of a stream function ):

<
B = Bp—I—Bt6¢ : Bp = VyYxVao,

(e = RV ¢ is the toroidal unit vector)

e B lies in surfaces (tori) of constant ¢: B-Vy =0
e B-Vp=0=p=p()



The Grad-Shafranov equation
Ampere’s law gives the current density,

1=V xB=-A"YV¢+ V(RB;) x Vo,

where the elliptic, Laplacian-like Grad-Shafranov operator A* is defined by

ss =05 (38) - (h30) - 5

From 7-Vp = 0 one sees that also RB; is a surface quantity,
The force balance becomes a p.d.e. for (R, Z):

oy — _p2dp  ndF
A*p = —R F

dw _ (: Rjt) :



The Grad-Shafranov equation (I1)

Ay Ay
This p.d.e. can be solved for ¢)( R, Z) after specifying:
e the pressure profile p(v)
e the profile F'(1))
e the value of ) everywhere on a closed contour
(e.g. by specifying the shape of one flux contour)

Challenges:

e One can measure some values p(R, Z) but not p(v))
e ['(1)) is even more difficult to measure.

e ) = —Rp'— FF'/Ris not a flux function



The equilibrium problem

The method of determining the magnetic equilibrium depends on:
e The available measurements and other data
- The externally applied fields
The induced plasma current
the poloidal field outside and inside the plasma
the pressure distribution
guantities/phenomena that are tied to (specific) magnetic surfaces.

e the purpose of the equilibrium reconstruction

Fast reconstruction during a discharge (control of plasma position, RF-
heating, etc.)

Interpretation of some plasma measurements, e.g. line-integrated
data.

Simulation of plasma turbulence, heating, and transport

Stability analysis and calculation of instabilities



The safety factor g

An important flux function is the ratio between toroidal and poloidal wind-

Ings of the field lines on a surface,
A7




The safety factor g
Some typical values of g:




Flux surface averages

The flux surface average (X) of a given quantity X is the volume average
between two neighbouring flux surfaces:

1 /‘”*M _ $ X[f(dl/By)

Xdv

0= ” § f(de/B,)
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Also g can be written as a surface average,

g = F<1>dV
Ar? “"R?/ dyp



Flux coordinates consist of:

1. Aradial coordinate r(v)); » = 0 on the magnetic axis.
2. The proper toroidal angle ¢

3. A poloidal coordinate 6 that is periodic, like an angle.
There are many possibilities:

7
e

poloidal angle / straight fieldline coordinates / orthogonal coordinates

In straight field line coordinates, the field lines are given by d¢/df = q(r).



Large aspect ratio expansion

e In a thin torus, or in the plasma center, the inequality » < R can be
exploited.

e Locally, a thin torus resembles a cylinder

e deviations from circular cross sections are small

e Due to the pressure, these circles are shifted outward slightly.

— Each surface has a Shafranov shift A(1))

Use the proper (minor) radius r as coordinate.
R =Ry +rcosf+ A(r)
Z =1 sinf

e Radial force balance:

# (r*¢'*) + R2p' + FF' = 0.



Shafranov shift
Asymmetric part of the force balance (~ cos 6):

7, w// 1 / 1 TROP/ .
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Integrate — outward Shafranov shift given by

A'(r) = RLO(ﬁp(T) + 54i(r))

In terms of the normalized internal inductance




Vertical field
The poloidal field at the plasma edge depends on 6:

_ ¥, a 1)
B, = {1+ o (ﬁp—l— S5 1) COS 9]

—External magnetic measurements can determine 3, + %Zi.
Note: Only in a non-circular tokamak, the external measurments can deter-
mine 3, and ¢; separately.

This B, (0) is determined by plasma equations, but cannot be generated by
the plasma current alone.
An external field is required, which, at some distance, is a vertical field
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